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Behavior Propagation in Cognitive Radio Networks:
A Social Network Approach

Husheng Li, Ju Bin Song, Chien-fei Chen, Lifeng Lai and Robert C. Qiu

Abstract—A key feature of cognitive radio network is the
intelligence of secondary users who can collaborate to improve
the system performance. The collaboration in terms of channel
recommendation is studied in this paper. The recommendation
mechanism results in dynamics of the channel preferences of
secondary users. For cognitive radio networks having a grid
topology, the ergodicity of the dynamics is studied using the model
of interacting particles in nonequilibrium statistical mechanics.
For networks having grid topology or random deployment, mean
field descriptions using ordinary differential equation are used
to explicitly describe the dynamics of behavior propagation. The
analytic results are demonstrated by numerical simulations.

I. INTRODUCTION

In the last decade, cognitive radio has received intensive
studies due to its efficient utilization of spectrum resource [13].
In cognitive radio networks, the communication entities, called
secondary users, are able to sense the spectrum environment
and find available frequency channels not being used by
licensed users, called primary users. Hence, each secondary
user can be considered as an intelligent agent which can
make smart decisions on various aspects of data transmissions
like channel selection and spectrum sensing. In particular,
these secondary users can ‘think’ due to their capability of
computing (e.g., using FPGAs) and ‘talk’, i.e., communicating
each other. Hence, a cognitive radio network can be considered
as a society consisting of multiple intelligent individuals. It is
of significant importance to study how the behaviors of these
intelligent agents propagate in the social network.

It has been demonstrated that collaboration among sec-
ondary users can significantly improve the performance of
cognitive radio networks. Below are two examples of collab-
orations in cognitive radio networks:

• Recommendation: A secondary user can recommend
good channels that it has experienced to neighbors such
that the neighbors can access the spectrum more effi-
ciently [3] [9].
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Fig. 1: An illustration of the behavior dynamics.

• Collaborative spectrum sensing: Nearby secondary users
can collaborate to sense the spectrum such that the accu-
racy of spectrum sensing can be substantially improved
[5] [6].

The collaboration of secondary users will incur behavior
dynamics of secondary users, e.g., the channel preference or
the coalition formation, in cognitive radio networks. In the
recommendation case, the preference on different channels of
each secondary user will change with time according to the
randomness of recommendation and primary user activities.
In the collaborative spectrum sensing, a secondary user may
join different cliques when the spectrum occupancies change.
The behavior dynamics have significant impacts on the perfor-
mance of the cognitive radio network. For example, when too
many secondary users prefer the same channel, this channel
may be congested and thus cause a performance degradation.
This is very similar to real world market dynamics, in which
customer behaviors cause substantial impacts on the market
performance. On the other hand, we also hope that the prefer-
ence on a good channel can be propagated to more secondary
users.

In this paper, we study the social behavior propagation
in cognitive radio networks, particularly the propagation of
channel preference in the recommendation system using a
social networks framework. Note that the behavior dynamics
have been substantially studied in the community of social
networks, e.g., the small world phenomenon, epidemic prop-
agation, and the rumor propagation [2] [4] [8]. In the context
of cognitive radio, [17] has studied the coalition formation for
collaborative spectrum sensing; however, it does not consider
the dynamics and randomness. Hence, there is a pressing need
to study the dynamics of social behavior in cognitive radio as
a stochastic dynamical system.
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In particular, we will address the following two aspects of
the social behavior propagation in cognitive radio networks:

• Ergodicity: The ergodicity of the social behavior dy-
namics means whether the dynamics will converge to a
single equilibrium or may have multiple equilibria. We
will apply the theory of interacting particle systems [11]
[12] which emerged as a branch of probability theory
by F. Spitzer in United States and R. L. Dorbushin in
Soviet Union in late 1960’s. It has been widely applied in
physics, biology and social sciences. We will employ the
mathematical machinery developed in interacting particle
systems, such as the duality theory, to study the ergodicity
of the behavior dynamics in cognitive radio.

• Dynamics Description: We will study the mean field
dynamics using ordinary differential equations (ODEs).
Such a mean field approach is originally proposed in non-
equilibrium statistical mechanics (e.g., the Vlasov Equa-
tion describing an ensemble of particles) [1]. It has been
applied in the study of dynamics in complex networks,
such as epidemic propagation or rumor propagation [14]
[16].

The analysis on the social behavior propagation will be carried
out for two types of network topologies, namely grid topology
and random deployment, which are mathematically tractable.

Understanding the social behavior dynamics can substan-
tially benefit the design of protocols in cognitive radio net-
works in the following aspects:

• Good behavior dissipation: The study on the ergodicity
can disclose the conditions for ergodic behavior prop-
agation, since it is more desirable to achieve ergodic
dynamics; otherwise, the system behavior will be not
predictable since there exist multiple invariant proba-
bility measures. The ODE description of the behavior
propagation also helps to tune the parameters of the
recommendation procedure, such as the probability of
accepting a recommendation from a neighbor.

• Bad behavior prevention: The collaboration can also
propagate bad behaviors, particularly when a malicious
user recommends bad channels to neighbors. The under-
standing of the propagation helps to control the spread of
fake recommendations from malicious attackers, similarly
to controlling the propagation of epidemics.

To our best knowledge, this paper is the first to study the
behavior propagation in cognitive radio networks using the
theory of social networks. The detailed applications of the
conclusion in the network protocol design will be studied in
the future.

The remainder of this paper is organized as follows. The net-
work model and the recommendation mechanism in cognitive
radio networks will be introduced in Section II. The ergodicity
of the behavior dynamics with a grid network topology will
be proved in Section III. The mean field dynamics will be
described using an ODE for both grid topology and random
deployment in Section IV. The numerical results and conclu-
sions will be provided in Sections V and VI, respectively.

Fig. 2: Illustrations of grid topology and random deployment.

II. SYSTEM MODEL

In this section, we introduce the system model of the cogni-
tive radio network with channel preference. Then, we explain
the definition of default channel and the recommendation
mechanism.

A. Network Model

We consider a large cognitive radio network in a plane
which can be represented by a graph in which each node is
a secondary user while each edge is a communication link.
We assume that there are multiple licensed channels. Random
data traffics are conveyed over these channels by the secondary
users. The time is slotted. At the beginning of each time slot,
each secondary user senses a channel if it has data to transmit.
Note that we do not assume perfect spectrum sensing. Errors
in spectrum sensing could exist.

Fig. 2 illustrates two network topologies that will be con-
sidered in this paper.

• Grid topology: The network forms a planar grid; i.e, each
node has four neighbors.

• Random deployment: The locations of secondary users
form a 2-dimensional Poisson process.

We denote by a ∼ b that nodes a and b are neighbors in the
network.

B. Default Channel

Each secondary user keeps a default channel, similarly to
a default printer for a computer; i.e., when the secondary
user has data to transmit, it will sense this channel first. If
the secondary user fails in accessing this channel, due to the
existence of primary users or some other random factors such
as spectrum sensing errors, for more than T1 times within a
moving window of T0 successive time slots (or equivalently
the failure rate is more than T1/T0), the secondary user gives
up the current default channel and chooses another channel to
sense. The new channel could be randomly chosen from the
remaining channels or be selected from a list recommended
by its neighbors, which will be explained later. If the sec-
ondary user succeeds in accessing the new channel in T2

successive time slots, it will set this channel as its default
channel; otherwise, it will restart the default channel selection
procedure upon an access failure. Note that maintaining a
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Fig. 3: An example of the change of default channel.

default channel can make the spectrum access more efficient
since the secondary user can always sense the channel with a
better availability.

For simplicity, we assume that there is a multiple access
scheme such that the co-channel transmissions of two or
more secondary users can be resolved. This assumption is
reasonable since multiple access schemes such as code division
multiple access (CDMA) or time division multiple access
(TDMA) can make the secondary users transmit in the same
frequency channel. It is interesting but much more complicated
to consider the case in which collisions could occur, which will
be studied in our future work. We also assume that the traffic
in the cognitive radio network is sparse, which will facilitate
the analysis, as will be seen later.

An example of the default channel selection with three
channels is shown in Fig. 3. The solid curve means the activity
of spectrum sensing (high means sensing and low means idle)
while the dotted curve means the activity of primary users in
the corresponding channel (high means active and low means
idle). At the beginning, channel 1 is the default channel. After
a period of failure due to the emergence of primary user,
channel 1 is removed from the default channel at time T1.
The secondary user senses channel 2 but fails. Then, it chooses
channel 3 and finally selects it as the default channel at time
T2 due to the successive successes of access.

C. Recommendation

We assume that each secondary user can recommend its
default channel to its neighbor. In each time slot, each sec-
ondary user broadcasts to recommend its own default channel
to its neighbors with a certain probability if the default channel
is still available1. A secondary user may receive multiple
recommendations. If the current default channel does not pass
the check described above, this secondary user will randomly
choose one recommendation from its neighbors and probe the
corresponding channel, or will randomly choose one from
all channels to sense. Certain probabilities are assigned to
these two actions. If this channel passes the above procedure
of default channel selection, the secondary user will set the
recommended channel as its default one. The procedure is
described in Procedure 1.

1Here, we assume that all secondary users are honest and always recom-
mend the correct default channel.

Procedure 1 Recommendation Mechanism Probabilities
1: for Each spectrum access period do
2: for Each secondary user do
3: Check the availability of its default channel.
4: if Still available then
5: Broadcast its default channel to its neighbors.
6: end if
7: end for
8: for Each secondary user do
9: Carry out the default channel check.

10: if Its current default channel does not pass the check then
11: Choose a recommendation or a random channel.
12: Begin the test procedure for the new channel.
13: end if
14: end for
15: end for

We fix an arbitrary channel, which becomes the default one
of a secondary user in the following two situations:

• Via recommendation: A neighbor recommends this chan-
nel to the secondary user.

• Spontaneous identification: There is no recommendation.
The secondary user chooses this channel randomly from
the pool of channels.

On the other hand, there is only one possibility for a default
channel to be dismissed; i.e., this channel does not pass the
availability check procedure.

In this way, the spectrum access can be more efficient
since the secondary users can share their information. The
performance gain of such a recommendation mechanism has
been demonstrated in [3] [9]. For simplicity, we assume that
there is no conflict of interest in the recommendation, i.e.,
it does not hurt the performance of a recommender if its
neighbor adopts the recommendation. This is reasonable due
to the assumption of multiple access mechanism. In the future,
we will study the case in which there exists conflict of interest
among neighboring secondary users, which is more practical
but much more complicated.

III. ERGODICITY

In this section, we study the ergodicity of the propaga-
tion process of the default channel setup. We will use the
mathematical tool of interacting particles in the continuous
time domain. For mathematical tractability, we assume that
the network has a grid topology. It is still an open problem to
analyze the ergodicity for randomly deployed networks. We
will first model the cognitive radio network as an ensemble
of interacting particles and then analyze the ergodicity in the
corresponding framework.

A. Model of Interacting Particles

To study the behavior propagation in cognitive radio net-
works, we apply the model of interacting particles. We first
provide a brief introduction on spin systems. Then, we fit the
recommendation mechanism into this framework.
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1) Spin Systems: We will use spin systems to model cog-
nitive radio network. A detailed introduction on spin systems
can be found in Chapter III of [11]. Consider a system with
finite elements2. Each element can take state 0 or 1, which
is denoted by η(x) for element x. The overall system state
is the collection of the individual states and is denoted by η.
We assume that the time is continuous, which facilitates the
analysis.

Then, we specify a nonnegative function c(x,η) as the rate
at which the element x flips its current state. The relationship
is given by

Pη [ηt(x) ̸= η(x)] = c(x,η)t+ o(t), (1)

where ηt(x) is the state of element x after time t. Hence, the
rate function is defined as

c(x,η) = lim
t→0

Pη [ηt(x) ̸= η(x)]

t
, (2)

and we assume that the limit exists.
In most scenarios, there exists a neighboring relationship in

the system. We denote by x ∼ y that element x is a neighbor
of y. Then, in most cases, the rate function of x is dependent
on only its neighbors, i.e.,

c(x,η) = c
(
x, {η(y)}y∼x

)
. (3)

2) Modified Contact Model for Recommendation Mecha-
nism: Now, we fit the recommendation mechanism and the
corresponding dynamics into the framework of spin systems
and propose a modified contact model adapted to the cognitive
radio network. In the spin system model, each element corre-
sponds to a secondary user while the neighboring relationship
maps to the geometrical relationship in the cognitive radio
network. We fix an arbitrary channel. Then, for an arbitrary
secondary user x, η(x) = 0 means that the specified channel is
not chosen as the default channel of x; otherwise, it is specified
as the default channel of x.

Note that the change rate function c represents the changes
of default channel and incorporates the information about the
channel availability check, default channel mechanism and
recommendation mechanism. It is difficult to find an explicit
expression for c using the parameters like T1 or the probability
of choosing one recommendation. To approximate c and make
the approximation reasonable for the system model, we define
the rate function to be

c(x,η) =

{
g
(∑

y∼x η(y)
)
, if η(x) = 0

λ, if η(x) = 1
, (4)

where g is a predetermined function, and λ is the probability
that the default channel is dismissed, which is independent of
the neighbors’ states since the dismissal of default channel is
only because of primary user emergence or spectrum sensing
errors. Obviously,

∑
y∼x η(y) is the number of neighboring

secondary users setting the given channel as their default
channels. Below are two assumptions on this model, as well
as the justifications:

2It can be extended to countable sets. However, for simplicity, we focus on
finite sets.

• We assume that g is an increasing function; i.e., if more
neighbors use this channel as the default channel, the
secondary user has more opportunities to receive the
recommendation of this channel and thus access it.

• We assume that the flip from state 1 to state 0 is inde-
pendent among the secondary users. This is justified by
the assumption of sparse data traffic; i.e., the secondary
users access the channel in different time slots with a
large probability.

Note that this model is very similar to the contact model
in interacting particle systems (Chapter VI in [11]), in which
the behavior is propagated through the contact with neighbors.
The difference between the proposed model and the classical
contact model is that, in the classical contact model, c(x,η) =∑

y∼x η(y) when η(x) = 0 and c(x,η) = 1 when η(x) =
1. Hence, we call our proposed model the modified contact
model.

3) Function g: Note that, in the traditional contact process,
g =

∑
y∼x η(y). One important feature of the traditional

contact process is that, if all neighbors have state zero, the
probability that x becomes 1 will be zero [11]. However, in
our scenario, g > 0 for all cases. The reason is that, even if
there are recommendations from the neighbors, the secondary
user can still set the channel as its default channel with nonzero
probability.

In this paper, we assume

g

(∑
y∼x

η(y)

)
= a+ b′

(
1−

(
1− 1

|Nx|

)∑
y∼x η(y)

)
≈ a+ b

∑
y∼x

η(y). (5)

where Nx is the set of neighboring nodes of x, |Nx| is the
cardinality, a represents the possibility of swapping to state 1
even if there are no neighbors having state 1, b′ represents the
possibility that the channel is chosen as the default channel if
the secondary users adopts a recommendation, and b = b′

|Nx| .

Note that 1−
(
1− 1

|Nx|

)∑
y∼x η(y)

is the probability that the
secondary user adopts the recommendation from one neighbor
having state 1. Both parameters a and b can be estimated from
simulations on the recommendation mechanism introduced in
Section II.

We consider the following two cases for the parameter a:

• Nonzero recovery probability a ̸= 0: In this case, even
if all neighbors do not set the specified channel as the
default one, it is still possible for the channel to be
recovered. This situation is reasonable when the number
of channels is small.

• Zero recovery probability a = 0: In this case, when all
neighbors do not set the specified channel as the default
one, the probability that this channel is recovered is zero.
This is reasonable for wideband cognitive radio systems
in which there are many channels (hence the probability
that the channel is randomly chosen is negligible).
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B. Ergodicity Analysis

A key property of the behavior dynamics in the recommen-
dation mechanism is the ergodicity. A general Markov process
with semigroup {S(t), t ≥ 0} is ergodic if

• The set of invariant measure is a singleton {ν};
• limt→∞ µS(t) = ν, where µ is any initial distribution.

When the system is ergodic, we can predict the invariant
measure in the future; when it is non-ergodic, we are unable
to predict the future since there are more than one invariant
measures.

For analyzing the ergodicity of the behavior dynamics, we
assume that the cognitive radio network has a grid topology
in a plane or on a line. Hence, the secondary users can be
represented by the lattice point in Z2 or Z.

1) Nonzero Recovery Probability: For exploiting the ergod-
icity of the nonzero recovery probability, we assume that the
linear approximation in (5) holds. It is still an open problem for
the nonlinear case. When a > 0, the ergodicity is guaranteed
by the following proposition.

Proposition 1: When a > 0, the behavior dynamics of the
cognitive radio network, specified by (5), are ergodic.

Proof: The proof is similar to that of Example 4.18 in
[11] by employing the approach of duality. Actually, we can
consider the general case of lattice Zd. For a given location
x, we define

c(x) = a+ 1 + 2dλ
p(x, ϕ) = 1

1+a+2dλ

p(x, {x, y}) = λ
1+a+2dλ

, (6)

where y ∼ x. Then, it is easy to verify that the rate function
c(x, η) can be rewritten as

c(x, η) = c(x)

×

(
(1− η(x)) + (2η(x)− 1)

∑
A

p(x,A)H(η,A)

)
,(7)

where A is a subset of Zd and H(η,A) is defined as

H(η,A) =

{ ∏
x∈A 1− η(x), if ∞ /∈ A∏
x∈A η(x), if ∞ ∈ A

. (8)

Note that p(x,A) is a function of x and A, which is defined
in (6) when A = ϕ or A = {x, y} (y ∼ x), and equals zero
otherwise. It is easy to verify

b(x) =
∑
A

p(x,A) =
1 + 2dλ

1 + a+ 2dλ
< 1, (9)

which implies

inf
x

c(x)[1− b(x)] = a > 0. (10)

Then, we apply Theorem 5.1 of [11], which states that the
ergodicity holds when (10) holds. This concludes the proof.

Remark 1: An intuitive explanation of the ergodicity is the
nonzero recovery probability that prevents the system from
collapsing into the scenario that no secondary users use the
specified channel as the default one. Meanwhile, the nonzero
λ, which represents the possibility that the default channel is

deactivated due to some random factors, also eliminates the
possibility that all secondary users set the specified channel
as default.

2) Zero Recovery Probability: When a = 0, we still
consider the ergodicity. For mathematical tractability, we will
focus on the one-dimensional case, i.e., the nodes in the
network correspond to integers. Note that we can scale the
time such that λ = 1. We will prove that there is a critical
value for b, denoted by b∗, such that the system is ergodic if
b < b∗. Intuitively, there are at least two invariant measures
for the case of zero recovery probability:

• η(x) = 0, ∀x: In this case, all secondary users do not use
the specified channel as the default one. The probability
that the channel is recovered is 0 when all neighbors have
zero state since a = 0.

• η(x) = 1 with nonzero probability: In this case, there are
always some secondary users using the specified channel
as the default one.

When the system is ergodic, the only invariant measure will
be the first case, i.e., η(x) = 0, ∀x, since it is always an
invariant measure regardless of the parameters.

• Existence of Invariant Measure: We first prove that the
invariant measure exists. Denote by δ1 the state η(x) = 1,
∀x, i.e., all secondary users choose the channel as their
default channels. Then, we have the following lemma
which proves the existence of invariant measure. The
proof is omitted due to the limited space.
Lemma 1: The limit of δ1S(t) exists as t → ∞.

• Critical Value: In (5), the parameter b represents the
impact of the neighbors on secondary user x. The larger
b, the more impact. The following lemma shows the
existence of a critical value for b.
Lemma 2: There exists a bc such that, if b < bc, the
process is not ergodic; if b < bc, the process is ergodic
(this can be proved using the same argument as that in
Theorem 2.14 in [11]).
Hence, we define the critical value bc as

bc = sup {b ≥ 0|the process is ergodic} . (11)

Summarizing the above results, we draw the conclusion for
the zero recovery probability case in the following proposition.

Proposition 2: When a = 0, there exists a bc such that
the system becomes ergodic when b > bc and non-ergodic
otherwise. Moreover, when the function g satisfies g(η) ≤
b
∑

y∼x η(y), we have bc < 1.18 in Z; when g(η) ≥
b
∑

y∼x η(y), we have bc > 2 in Z.
Remark 2: Note that, for the general case, the critical value

can only be obtained from simulations. It is still an open
problem to obtain the expression (or bounds) for the critical
value analytically.

IV. MEAN FIELD DYNAMICS

The interacting model can be used to study the ergodicity
of the behavior dynamics; however, it is difficult to analyze
the dynamics with respect to the time, e.g., the proportion of
secondary users having state 1, as a random function of time.
Hence, we adopt the mean field approach [2], i.e., assuming
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that system evolves according to the expectation. In this way,
the system dynamics can be described using an ordinary
differential equation (ODE). In this section, we first analyze
the degree distribution for the network, and then provide the
ODE description of the dynamics and explore the equilibrium
state. In this section, we consider both the grid topology and
random deployment.

A. Degree Distribution

The dynamics of the behavior propagation is highly depen-
dent on the the distribution of degrees3 of the network. Hence,
we discuss the degree distribution for the grid topology and
random deployment first.

1) Grid Topology: The degree distribution of the grid
topology is very simple. When the network is infinite in the
plane (thus ignoring the edge cases), the degree of each node
is 4.

2) Random Deployment: For random deployment, we as-
sume that N secondary users are independently and uniformly
distributed within a square S with area AN , i.e., averagely
each secondary user obtains an area of A4. We denote by Xn

the location of secondary user n. Formally, this means that,
for any region R ∈ R2, the probability that a given secondary
user n falls in region R is given by

P (Xn ∈ R) =
|R ∩ S|
AN

. (12)

We assume that two secondary users are neighbors if
they are within a distance of dmax. Then, the cognitive
ratio network topology is determined by the locations of the
secondary users, thus forming a random geometric network
[15]. For secondary user n, its number of edges is called the
degree, which is denoted by kn. To analyze the propagation
of channel preference within the cognitive radio network, we
need to obtain the unconditional distribution of degrees and the
conditional distribution of degrees of a secondary user adjacent
to another secondary user with a given degree.

Note that the conditional probability is simple for random
networks such as scale free and small world networks due
to the independence of the degrees of two adjacent nodes.
However, the degrees of neighboring nodes are obviously
correlated in a random geometric network. Consider a node
with a large degree, i.e., there are many other nodes within
its neighborhood. Then, a neighbor of this node is expected
to share many neighboring nodes within this area. Therefore,
the degrees of two nodes are positively correlated in a ran-
dom geometric network, which is disclosed in the following
proposition.

Proposition 3: As N → ∞, the distribution of degree
converges to a Poisson distribution with expectation γ:

γ =
πd2max

A
. (13)

3The degree of a node is the number of neighboring nodes.
4It is easy to extend to general non-uniform distribution case.

Given a secondary user with degree k, the probability that
an arbitrary neighbor has degree k′ is given by

P (k′|k) =
∫ dmax

0

P (k′|r) 2r

d2max

dr, (14)

where P (k′|r) is the distribution of random variable r1+r2+
1, with r1 and r2 being two independent random variables
whose distributions are described in the following. The random
variable r1 has a Binomial distribution B(n, ρ(r)), where n =
k − 1 and

ρ(r) =
2d2max cos

−1
(

r
2dmax

)
+ r

2

√
d2max −

(
r
2

)2
πd2max

. (15)

The random variable r2 has a Poisson distribution with expec-
tation λ′(r), which is given by

λ′(r) =
d2max

(
π − 2 cos−1

(
r

2dmax

))
− r

2

√
d2max −

(
r
2

)2
A

. (16)

B. ODE Description

We discuss the ODE description for both the grid topology
and random deployment.

1) Grid Topology: We denote by q the proportion of
secondary users having state 1. Then, the time evolution of
q is approximated by the following ODE:

dq

dt
= −λq + (1− q)ζ(q), (17)

where

ζ(q) = a+ b
4∑

n=1

(
4
n

)
qn(1− q)4−nn. (18)

Obviously, the term −λq stands for the decreasing rate of the
proportion of secondary users with state 1 and the term (1−q)ζ
is the increasing rate.

2) Random Deployment: For the random deployment, the
challenge is that different secondary users may have different
neighbors (different degrees). Hence, the proportion q should
be dependent on the degree. We consider continuous time and
denote by qk(t) the proportion of the secondary users with
degree k and state 1. The dynamics of qk(t) are given by

q̇k(t) = −λqk(t) + µ (1− qk(t))

(
ϕ+

∞∑
n=1

qn(t)P (m|k)

)
, (19)

for k = 1, 2, .... Note that λ here is the same as that in the grid
topology case; µ is the probability that the state changes from 0
to 1 if a neighbor with state 1 recommends the channel; ϕ is the
probability that the secondary user begins to test the channel
even if there is no recommender. The first term on the right
hand side is the proportion of secondary users with degree
k changing its preference from channel 1 to other channels
while the second term is the proportion of secondary users
with degree k beginning to prefer channel 1 due to the advice
from other secondary users and the spontaneous discovery of
the channel.

C. Convergence

Now, we provide some conditions for the ODEs discussed
above to converge.
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1) Grid Topology: For the grid topology, we have the
following conclusion which provides a sufficient condition for
the convergence.

Proposition 4: The dynamics described by (17) converges
when λ is sufficiently large.

Proof: We can define a Lyapunov function V (q) = q2.
Then, we have

V̇ (t) = 2q̇q

= −2λq2 + q(1− q)ξ(q), (20)

which is negative when λ is sufficiently large.
2) Random Deployment: It is difficult to analyze the dy-

namics of the ODE for random deployment in (19) due to
its nonlinearity and the infinite number of equations. For the
nonlinearity, we can use Lyapunov function to analyze the
convergence. For the number of equations, we truncate the
equations by assuming that each secondary user can choose at
most two neighbors, thus reducing the number of equations to
two. The following proposition shows that, for the truncated
system, the solution of the ODE converges to a stationary point
when certain conditions are satisfied.

Proposition 5: Suppose that each secondary user has at
most two neighbors and ϕ = 0, then the ODE in (19)
converges to a stationary point as t → ∞ if

λ > µmax{P (1|1), P (2|2)}, (21)

and√
(λ− µP (1|1))(λ− µP (2|2)) > µ(P (2|1) + P (1|2))

2
. (22)

The proof is based on Laypunov function and is given in
Appendix B. From the proposition, we find that a sufficiently
large λ, i.e., the rate that a secondary user changes its current
channel preference, results in the convergence. Unfortunately,
we are still unable to obtain the conditions of convergence
for the general case. In all our numerical simulations, the
dynamics of the ODE always converge.

D. Equilibrium

Now, we analyze the equilibrium point of the behavior
propagation.

1) Grid Topology: When the right hand side of (19) equals
zero, the system enters the equilibrium state since the time
derivative becomes zero. Hence, the equilibrium is character-
ized by the following equation:

λq = (1− q)ζ(q). (23)

Proposition 6: There is at least one solution to the equation
(23).

Proof: First, we assume that a > 0; when q = 0, the left
hand side equals 0 while the right hand side is positive; when
q = 1, the left hand side is positive while the right hand side
equals 0; at least one solution exists due to the continuity.

Note that q = 0 is a solution when a = 0. Below, we
discuss the possibility of extra equilibrium points for the
nonzero recovery probability and zero recovery probability,
respectively.

• Nonzero Recovery Probability: When a > 0, we have
the following proposition characterizing the uniqueness of
the equilibrium point in the special case. For the general
case, the equilibrium point can be obtained by solving
the equation numerically.
Proposition 7: When λ is sufficiently small, there is a
unique solution to Eq. (19).
The proof is omitted due to the limited space.

• Zero Recovery Probability: When a = 0, we have
found that q = 0 is one equilibrium. Hence, we will
check if there are extra equilibrium points. The following
proposition provides a description of the equilibrium. The
proof is omitted due to the limited space.
Proposition 8: There exist a threshold γ such that

– When λ/b > γ, there is only one equilibrium.
– When λ/b = γ, there are two equilibria.
– When γ > λ/b > 4, there are at least three

equilibria.
– When λ/b is sufficiently small, there are two equi-

libria.
2) Random Deployment: we assume that the ODE in (19)

always converges. At the steady state, we have ẋk = 0, for
k = 1, 2, .... Similarly to [14] [16], we define

θk =

∞∑
m=1

qmP (m|k), (24)

whose physical meaning is the probability that an arbitrary
neighbor of a secondary user with degree k prefers channel 1.
Then the steady state condition q̇k = 0 implies

qk =
µ(θk + ϕ)

λ+ µ(θk + ϕ)
, (25)

as well as

θk =

∞∑
m=1

µ(θm + ϕ)

λ+ µ(θm + ϕ)
P (m|k). (26)

Then, the steady state of the ODE is determined by the
equations (25) and (26). The following proposition shows the
upper bound of the proportion of users preferring channel 1.
The proof is given in Appendix C

Proposition 9: There always exists a solution for Eq. (26).
Moreover, the steady proportion is upper bounded by

qk ≤ µ(θ∞ + ϕ)

λ+ µ(θ∞ + ϕ)
, ∀k, (27)

where

θ∞ =
−(λ+ µϕ− µ) +

√
(λ+ µϕ− µ)2 + 4µϕ

2
. (28)

V. NUMERICAL RESULTS

In this section, we use numerical simulations to demonstrate
the conclusions in this paper. We first test the grid topology
and then test the random deployment.
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Fig. 4: The rate function c(x, η).

A. Grid Topology

1) Network Setup: We assume that the cognitive radio
network has a 100×100 grid topology in Z2. Hence, each
secondary user has four neighbors, except for the edge case.
We assume that the traffic in the cognitive radio network
follows that of a Jackson network model [7]: at each secondary
user, a new packet arrives with a certain probability at each
time slot which is assumed to be 10ms; when the buffer is not
empty and the default channel is available, a packet receives
service with a certain probability; the packet receiving service
will leave the network with probability α and enter the buffer
of a random neighbor with probability 1 − α. Besides the
occupancy by primary users, we also assume that an available
channel has a bad channel quality (e.g., due to fading) with
probability 0.05.

There are totally 10 channels. We assume that a primary user
covers all the cognitive radio network. It randomly chooses 5
channels to transmit. In the simulation, we assume T0 = 3,
T1 = 2, T2 = 1, µ = 0.9 and α = 0.3. The dynamics of the
network are simulated using Matlab codes. Each statistic is
obtained from simulations for 10000 time slots.

2) Change Rate Function: The estimated change rate func-
tion c(x, η) is shown in Fig. 4 where the horizontal axis is∑

y∼x η(y), i.e., the number of neighbors setting the specified
channel as their default channels. We observe that the rate
function is approximately affine with respect to

∑
y∼x η(y),

which justifies our assumption on the function g.
3) Dynamics: The dynamics in time obtained from sim-

ulation, interacting particles and ODE are shown in Fig. 5.
At the beginning of simulation, we increase the proportion of
secondary users having state 1 to around 20%. Note that the
curves are obtained from averaging over 10 repetitions. We
observe that the interacting particle system can well model
the behavior dynamics in cognitive radio. There is some error
in the ODE dynamics, which may be due to the error incurred
by the mean field approximation.

4) Equilibrium: The equilibrium point in (23) is illustrated
in Fig. 6 by plotting the left hand side and right hand side in
(23) separately as functions of q. The intersection of the two
curves is the equilibrium point. We observe that there is some
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Fig. 5: Comparison of the interacting and ODE approaches.
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error when compared with the true equilibrium point q = 0.1.

B. Random Deployment

We drop 500 secondary users within a 5km×5km square
area and assume that the maximum communication distance
dmax = 500m.

Figure 7 shows three realizations for the evolution of the
proportion of secondary users preferring channel 1 when
λ = 0.05, µ = 0.1 and ϕ = 0.01. We observe that the
evolution becomes stable and fluctuates around a certain value
after about 50 time slots. This demonstrates the convergence
of the channel preference propagation, as implied by the
conclusion in Prop. 5.

We also tested the case when λ = 0.11 > µ = 0.1. The
results are shown in Fig. 8, where ϕ = 0, 0.01 (two realizations
for each case). We observe that, when ϕ = 0, the proportion
converges to zero; i.e., the preference propagation finally dies
out. When ϕ > 0, the proportion fluctuates since the secondary
users can find the channel by themselves.

In Fig. 9, we show the proportion qk as a function of degree
k, based on 500 realizations of the preference propagation.
Note that there are some fluctuations due to the limited number
of realizations. We observe that qk increases with k and
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converges to a certain value soon as k increases. We also
plotted the upper bound of qk, i.e., q∞ in (27). We observe
that the upper bound matches the numerical results quite well,
despite some fluctuations. Therefore, the conclusion in Prop.
9 can be used to evaluate the proportion when k is sufficiently
large.

Finally, we plot the upper bound in (27) with respect to
different λ and µ by fixing ϕ = 0.01. We observe that when
µ is large, the steady proportion increases almost linearly as
λ decreases. When µ is small, the proportion keeps almost
constant and suddenly increases to 1 when λ is decreased.
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VI. CONCLUSIONS

We have proposed a channel recommendation mechanism
in cognitive radio networks. The theory of interacting particle
system has been applied to analyze the ergodicity of the
behavior propagation when the cognitive radio network has a
grid topology. For both grid topology and random deployment,
we have used the mean field ODE to describe the transient
dynamics of the behavior propagation. The convergence and
equilibrium of the dynamics have been studied. Finally, numer-
ical simulations have demonstrated the validity of the analysis.

APPENDIX A
PROOF OF PROP. 3

Proof: The proof for the unconditional distribution is
straightforward and is very similar to that of Theorem 4.1
in [15]. The only difference is that the scaling law of the
communication range is different. First, the edge case can be
asymptotically ignored since the probability that the neigh-
borhood (with radius dmax, denoted by Ω) of an arbitrary
secondary user is completely contained in the square S is given
by

P (Ω ⊂ S) = 1− 2dmax

√
AN + 2dmax(

√
AN − dmax)

AN
→ 1, N → ∞. (29)

Therefore, we can assume that the neighborhood of a
secondary user is completely within the square S. Since the
locations of the secondary users are mutually independent,
the probability that an arbitrary secondary user Xn falls in
a neighborhood Ω is given by

P (Xn ∈ Ω) =
πdmax

NA
. (30)

Then, the number of secondary users falling within the
neighborhood Ω satisfies a binomial distribution B(N, πdmax

NA ).
When N → ∞, it converges to a Poisson distribution with ex-
pectation in (30). This concludes the proof of the unconditional
probability.

For the conditional probability, fix secondary user 1 and
consider its neighborhood Ω1. It is easy to show that the
probability density function of the distance r from a secondary
user falling in Ω1 to secondary user 1 is given by p(r) = 2r

dmax
.
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Then, suppose that secondary user 2 falls in Ω1 and the
distance is r, as illustrated in Fig. 11. Denoting by Ω2 the
neighborhood of secondary user 2, we discuss the secondary
users falling in Ω2 for the two sets Ω1∩Ω2 and Ω2−Ω1 (i.e.,
the elements in Ω2 but not in Ω1), separately.

• Set Ω1 ∩ Ω2: All the secondary users in Ω1 ∩ Ω2 are
the neighbors of both secondary users 1 and 2. Then,
the number of secondary users in Ω1 ∩Ω2 is binomially
distributed with k − 1 (secondary user 2 excluded) trials
and success probability ρ(r). Obviously, ρ(r) should be
equal to the ratio of the areas of Ω1 ∩ Ω2 and Ω1. It is
easy to verify that the area of Ω1 ∩ Ω2 is equal to the
numerator of (15).

• Set Ω2−Ω1: It is easy to verify that the area of Ω2−Ω1

is given by the numerator of (16). The distribution of the
number of secondary users falling in Ω2−Ω1 follows the
same argument as that of (13).

APPENDIX B
PROOF OF PROP. 5

Proof: We define the Lyapunov function as V (q) = ∥q∥2,
where q = (q1, q2). Then, we have

dV (q)

dt
= 2qT dq

dt
= −λq21 + µ(1− q1)q1 (P (1|1)q1 + P (2|1)q2)
+ −λq22 + µ(1− q2)q2 (P (2|2)q2 + P (1|2)q1)
< −(λ− µP (1|1))q21 − (λ− µP (2|2))q22
+ 2µP (1|2)P (2|1)q1q2, (31)

where the last inequality is obtained by omitting some negative
terms. It is easy to verify that (31) is always negative if
conditions (21) and (22) are both valid. This concludes the
proof.

APPENDIX C
PROOF OF PROP. 9

Proof: According to the conclusion in Prop. 3, the con-
ditional degree distribution P (k′|k) increases with k when k′

is fixed. Therefore, θk is an increasing function of k since

θk − θk′ =
∞∑

m=1

µ(θm + ϕ)

λ+ µ(θm + ϕ)
(P (m|k)− P (m′|k))

> 0, (32)

when k > k′.

To prove the existence of the root of Eq. (26), we construct
an interation, starting from

θ1(0) = θ2(0) = ... = 1. (33)

Substituting them into Eq. (26), we obtain {θk(1)}k. Obvi-
ously, we have θk(1) < θk(0), ∀k. We substitute {θk(1)}k into
(26) again and obtain {θk(2)}k. Since µx

λ+µx is an increasing
function and θk(1) < θk(0), we have θk(2) < θk(1). We
repeat this procedure, which generates a decreasing sequence
{θk(l)}l=0,1,... for each k. Since θk is lower bounded (always
positive), each sequence converges to a limit, thus forming a
root of Eq. (26).

To prove the upper bound, we notice that the sequence
{θk}k=1,2,... is an increasing sequence. Since this sequence is
bounded (θk < 1), it converges to a limit θ∞, which satisfies

θ∞ =
µ(θ∞ + ϕ)

λ+ µ(θ∞ + ϕ)
, (34)

whose reasonable solution is given in (28). Since xk is an
increasing function of θk, the upper bound in (27) is obtained
due to the fact θk < θ∞.

REFERENCES

[1] R. Balescu, Statistical Dynamics: Matter Out of Equilibrium, Imperial
College Press, 1997.
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