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Kernel Feature Template Matching
for Spectrum Sensing
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Abstract—Feature template matching (FTM) was proposed by
Zhang and Qiu in 2011 for spectrum sensing in cognitive radio.
Theoretical analysis for FTM is, however, missing in the litera-
ture. This paper will address this issue. Another new direction
suggested by this paper is a nonlinear version of FTM, which is
called kernel FTM (KFTM). The proposed nonlinear algorithm
is performed on data mapped to a kernel space usually with
higher dimension by a general nonlinear mapping. The high-
dimensional data are cheaply operated with the so-called kernel
trick. Furthermore, higher order statistics is considered in the pro-
posed algorithm. Simulations using the real-world measurements
of digital television (DTV) signal show that a gain of more than
4 dB can be achieved for KFTM over its linear counterpart FTM.
Theoretical analysis is conducted for KFTM (that can be directly
applied to FTM). For the first time, a theoretical justification is
also performed for FTM. The concentration inequalities of KFTM,
which are valid for arbitrary dimensions, are established as a
result of concentration of measure phenomenon. The closed-form
expressions of the probability distributions (under null hypothesis)
are derived for both FTM and KFTM under different kernel func-
tions. The obtained closed-form results agree with simulations.
The closed-form expressions of the decision thresholds for a target
false-alarm probability are obtained as well. The thresholds are
noise power independent; thus, the proposed algorithm overcomes
the difficulty of noise uncertainty.

Index Terms—Feature template matching (FTM), kernel FTM
(KFTM), spectrum sensing.

I. INTRODUCTION

THE RADIO-FREQUENCY spectrum is a scarce natural
resource exclusively licensed to users. With the recent

rapid growth of wireless services, the radio spectrum is in high
demand. However, the radio spectrum is not used efficiently.
The utilization efficiency only ranges from 15%–85% [1]–[3]
and is even lower in rural areas. Cognitive radio [4] is a new
trend in wireless communications, which is put forward to
improve the utilization efficiency of the precious resource:
the frequency spectrum. Secondary users/unlicensed users are
allowed to use the licensed spectral bands without harmful
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interference to primary users/licensed users. In cognitive radio,
secondary users need to frequently perform spectrum sensing,
i.e., detecting the presence of primary users.

Spectrum sensing as a binary hypothesis detection problem
is a key component in cognitive radio. A good spectrum sensing
algorithm should offer high detection probability under low
false-alarm probability under a low signal-to-noise ratio (SNR).
The simplest case to detect between the two hypotheses, i.e.,
the presence versus the absence of the primary user, is that
they are linearly separable. However, for low enough SNR,
the difference of the two hypotheses is, by any measure, very
small, which indeed poses challenges to spectrum sensing.
Some traditional techniques proposed for spectrum sensing are
energy detection, matched filter detection, cyclostationary fea-
ture detection, covariance-based detection, and wavelet-based
detection [3], [5]–[12].

Researchers at Tennessee Technological University (TTU),
Cookeville, TN, USA, previously proposed a feature template
matching (FTM) [13], [14] algorithm for spectrum sensing.
This algorithm is also called linear FTM to differentiate from
its nonlinear version. It outperforms state-of-the-art spectrum
sensing algorithms such as maximum-to-minimum eigenvalue
detection [8]. The algorithm is carried out using the principal
eigenvector (eigenvector corresponding to the largest eigen-
value) as a feature. According to discrete Karhunen–Loeve
transform [15], subspace consisting of the principal eigenvector
gives the optimal solution for searching a subspace of rank 1
with maximum energy. It is found that principal eigenvectors
are random for white noise over time while stable for real-world
signals such as field measurements of digital television (DTV)
signal [16] captured in Washington, DC, USA. The stability
of principal eigenvectors of DTV signal is further verified by
simulations in [13] and [14]. However, analytical justification
is not performed for FTM. One motivation of this paper is to
fill this gap.

Their method [13], [14] is fundamentally limited by the
linearity and Gaussianity of the problem. Another motivation
of this paper is to generalize FTM to circumvent its limitations.
This paper proposes a nonlinear method called kernel FTM
(KFTM) for spectrum sensing. In kernel-based methods [17],
the data of the two hypotheses that are not linearly separable
under low SNR are mapped to a higher dimensional kernel
space in a nonlinear manner such that their separability can be
improved with proper mapping. The nonlinear FTM is obtained
by carrying out the linear FTM in such a kernel space and
can thus achieve better detection performance. On the other
hand, higher order statistics is exploited implicitly by using
second-order statistics in FTM. Higher order statistics refers to
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functions that use the third or higher power of the samples such
as third and higher moments. Considering higher order statistics
can be very useful for detection of the two hypotheses that are
not linearly separable or detection of the problem with non-
Gaussianity because distinct signal features may be extracted
from a higher order spectral domain [18].

To avoid high computation load of directly operating high-
dimensional data, a kernel trick [17] is used in the proposed
algorithm. Nonlinear versions of algorithms in the input space
obtained by kernel methods are very effective and popular in
signal processing by other researchers [19]–[23]. Most recently,
applying the kernel-based algorithms to signal processing in
cognitive radio has emerged [24].

The contributions of this paper are as follows.

1) The nonlinear algorithm called KFTM is proposed, for
the first time, for spectrum sensing. To efficiently use the
kernel trick, a new metric to measure the similarity (inner
product) of two eigenvectors is defined in a general kernel
space. Based on the kernel method, the metric is trans-
formed to the input data space by using kernel functions.
Simulations using the real-world measurement of DTV
signal show that, compared with its linear counterpart,
our proposed KFTM has obtained more than 4 dB gain
in SNR for the same false-alarm probability.

2) The concentration properties of the proposed kernel-
based algorithm are studied analytically. This analysis
also gives a theoretical justification for the linear FTM.

3) The statistical distributions of the proposed KFTM are
studied for different kernels. In particular, the closed-
form expressions of the probability distributions under
null hypothesis and decision thresholds for a target false-
alarm probability are derived. The obtained closed-form
results agree with simulations. It is advantageous that the
derived thresholds are independent to the power of the
noise, which overcomes the noise uncertainty problem in
spectrum sensing.

4) The derived analytical results are directly applicable to
FTM. This is the first time that theoretical investigation
for FTM is performed.

The organization of this paper is as follows. The kernel trick
is introduced in Section II. In Section III, following the problem
statement, the KFTM algorithm is systematically obtained.
As a special case of KFTM, linear FTM is reviewed. The
concentration inequalities of the proposed detection algorithm
are established in Section IV. The closed-form expressions of
the probability distributions and the decision thresholds are
derived in Section V. Simulation results are given in Section VI.
Finally, this paper is concluded in Section VII.

II. KERNEL TRICK IN KERNEL METHODS

Kernel methods have been extensively and successfully ap-
plied in machine learning. With a mapping ϕ, x in the input
space is mapped to ϕ(x) in a high-dimensional Euclidean space
(kernel space) F . The dimension of ϕ(x) can be huge, even
infinite, such as with Gaussian kernel [17]. Thus, the direct
operation on ϕ(x) is computationally infeasible.

In kernel-based methods, a kernel trick is used to avoid
operating on ϕ(x) explicitly. Namely, the kernel function of
(1) is employed to implement only the inner product of data
in kernel space. A kernel-based algorithm is then obtained in
kernel spaces using only kernel functions without giving ϕ.
Therefore, the proposed nonlinear method can be achieved
without incurring much computational load. The mapping ϕ
can be so general (linear or nonlinear) that very general types
of data can be operated on and very general types of relations
of data can be detected [25].

Kernel function k is a function in the input space but defines
the value of the inner product of data in kernel space F [26], i.e.,

k(xi, xj) = 〈ϕ(xi), ϕ(xj)〉 (1)

implicitly mapping x in the input space to ϕ(x) in F , where ϕ
is an implicitly defined mapping and 〈·〉 denotes inner product.
Apparently, it is not true that any function defined in the input
space is a kernel function. Function k is a valid kernel if
and only if there exists a mapping ϕ and (1) is satisfied. If a
function fulfills Mercer’s condition [26], it is a valid kernel.

There are two types of kernel functions: projective kernels
(functions of inner product) and radial kernels (functions of
distance). The most widely used polynomial kernel and the
Gaussian radial basis function (RBF) kernel are chosen in this
paper. The polynomial kernel is defined as

k(xi, xj) = (〈xi,xj〉+ c)d , c = 0 or c = 1 (2)

where d is the order of the polynomial, and c = 0 for ho-
mogeneous kernels and c = 1 for nonhomogeneous kernels,
respectively. The Gaussian RBF kernel is defined as

k(xi, xj) = exp

(
−‖xi − xj‖2

2ϑ2

)
. (3)

III. DETECTION ALGORITHM WITH KERNEL

FEATURE TEMPLATE MATCHING

A. Problem Statement

Let y(t) be the continuous-time signal received by a sec-
ondary user. y(t) is sampled with period Ts. The discrete-
time received sample is y(l) = y(lTs). The n× 1 vector y
is assembled by n (called “smoothing factor”) consecutive
received samples. Let the received signal contain N vectors yi,
i = 1, 2, . . . , N ; then, the binary hypothesis detection model of
spectrum sensing can be cast as

H0 : yi =wi, i = 1, 2, . . . , N
H1 : yi =xi +wi, i = 1, 2, . . . , N (4)

where xi, i = 1, 2, . . . , N , are n× 1 primary user’s vectors;
wi, i = 1, 2, . . . , N , are n× 1 noise vectors; and xi and wi

are independent. Primary user’s signal is absent under null
hypothesis H0 and present under alternative hypothesis H1.

Two probabilities are of interest to evaluate detection per-
formance: detection probability Pd = P (H1|y = x+w) and
false-alarm probability Pf = P (H1|y = w). In cognitive ra-
dio, Pf relates to the spectral utilization, and Pd relates to the
interference to primary user.
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B. Kernel Feature Template Matching

The proposed nonlinear algorithm is FTM implemented in
a high-dimensional kernel space. The principal eigenvector of
the sample covariance matrix in F is the nonlinear feature
in the input space. The nonlinear feature gives the direction
of maximum variance (power) of data in kernel space. The
nonlinear feature is not given directly with a kernel method due
to the implicitly defined general mapping. Owing to the use of
the kernel trick, the nonlinear feature is also called the kernel
feature. Fortunately, in [19], it shows that eigenvectors of the
sample covariance matrix in F can be written as linear com-
binations of kernel space data. Furthermore, the coefficients
are the corresponding eigenvectors of a positive semi-definite
kernel matrix.

We assume the signals ϕ(y1), ϕ(y2), . . . , ϕ(yN ) received by
a secondary user after mapping have zero mean. To obtain the
nonlinear feature of the received signal, the principal eigenvec-
tor ṽf

1 of the sample covariance matrix

Rϕ(y) =
1
N

N∑
i=1

ϕ(yi)ϕ(yi)
T (5)

is needed. T denotes transpose. The matrix obviously cannot
be derived directly. However, eigenvector ṽf

1 and eigenvalue
λ̃f
1 satisfy

λ̃f
1 ṽ

f
1 =Rϕ(y)ṽ

f
1 =

1
N

N∑
i=1

ϕ(yi)ϕ(yi)
T ṽf

1

=
1
N

N∑
i=1

〈
ϕ(yi), ṽ

f
1

〉
ϕ(yi). (6)

From (6), it can be easily seen that ṽf
1 is the linear combination

of ϕ(y1), ϕ(y2), . . . , ϕ(yN ), i.e.,

ṽf
1 =

N∑
i=1

β̃iϕ(yi). (7)

By introducing the N ×N kernel matrix K̃ with elements
K̃ij = k(yi,yj) = 〈ϕ(yi), ϕ(yj)〉 and vector β̃1 = (β̃1, β̃2,

. . . , β̃N )T , it has been found [19] that β̃1 is the principal
eigenvector of the positive semi-definite kernel matrix K̃.

Because〈
ṽf
1 , ṽ

f
1

〉
=

〈
N∑
i=1

β̃iϕ(yi),

N∑
i=1

β̃iϕ(yi)

〉

=
N∑

i,j=1

β̃iβ̃j 〈ϕ(yi), ϕ(yj)〉

= β̃
T

1 K̃β̃1 = β̃
T

1 μ̃1β̃1

= μ̃1

〈
β̃1, β̃1

〉
= μ̃1 (8)

where μ̃1 is the largest eigenvalue of K̃, the normalization of
ṽf
1 can be achieved by β̃1 = β̃1/

√
μ̃1.

In spectrum sensing, priori knowledge about primary user’s
signal is often considered. Primary user’s signal is considered

fixed and known to the receiver in matched filter detection [5],
[6], [27]. Signal x as a priori is considered in [28] as well.
The linear feature template as a priori is considered in [13]
and [14]. In this paper, the stable principal eigenvector of the
primary user’s signal in kernel space is needed. This principal
eigenvector is called a kernel feature template. Since the kernel
feature template is stable, based on the fact that a cognitive
radio has the ability of learning [7], the historical information of
primary users, such as DTV signal, can be saved and utilized for
kernel feature template learning. The linear and kernel feature
templates can be learned blindly even at a very low SNR due to
the strong stability.

Retrieving from a historical database, the samples xi, i=
1, 2, . . . ,M , are available. The kernel feature template vf

1

for the given vectors xi, i = 1, 2, . . . ,M , is the principal
eigenvector of the sample covariance matrix Rϕ(x) = (1/M)∑M

i=1 ϕ(xi)ϕ(xi)
T . It can be expressed as the linear combina-

tion of ϕ(x1), ϕ(x2), . . . , ϕ(xM ), e.g., vf
1 =

∑M
i=1 βiϕ(xi).

β1 = (β1, β2, . . . , βM )T is the principal eigenvector of the
positive semi-definite kernel matrix

K = (k(xi, xj))M×M = (〈ϕ(xi), ϕ(xj)〉)M×M . (9)

The similarity between vf
1 and ṽf

1 can be used for detection.
Although, in the kernel-based method, vf

1 can be written as
a linear combination of ϕ(x1), ϕ(x2), . . . , ϕ(xM ) and ṽf

1 can
be written as a linear combination of ϕ(y1), ϕ(y2), . . . , ϕ(yN )
with obtainable coefficients. However, because the mapping ϕ
is not known, the expressions of vf

1 and ṽf
1 are only indirectly

given.
On the other hand, even if they are given explicitly, direct

operation on vf
1 and ṽf

1 is computationally intractable due to
their huge dimensionality in kernel spaces. This paper proposes
an inner product as the metric to measure the similarity between
vf
1 and ṽf

1 . After adopting the inner product as the metric,
a kernel trick can be efficiently used to obtain the KFTM
algorithm. Namely, similarity between vf

1 and ṽf
1 only relies

on kernel functions as shown in the following:

ρkftm =
〈
vf
1 , ṽ

f
1

〉
=

〈
M∑
i=1

βiϕ(xi),

N∑
j=1

β̃iϕ(yi)

〉
= {(ϕ(x1), ϕ(x2), . . . , ϕ(xM ))β1}T

·
{
(ϕ(y1), ϕ(y2), . . . , ϕ(yN )) β̃1

}

=βT
1

⎛⎜⎜⎝
ϕ(x1)

T

ϕ(x2)
T

...
ϕ(xM )T

⎞⎟⎟⎠ (ϕ(y1), . . . , ϕ(yN )) β̃1

=βT
1

⎛⎜⎜⎝
k(x1,y1), . . . , k(x1,yN )
k(x2,y1), . . . , k(x2,yN )

...
k(xM ,y1), . . . , k(xM ,yN )

⎞⎟⎟⎠ β̃1

=βT
1 K

tβ̃1.
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Kt is the kernel matrix between ϕ(xi) and ϕ(yj). Re-
markably, the expression of the similarity has been obtained
without the direct computation on vf

1 and ṽf
1 . The similarity

is transformed to the input data space by efficiently using the
kernel trick.

Thus, the KFTM detection rule is

|ρkftm|
H1

≷
H0

Tkftm (10)

where Tkftm is a threshold.
So far, the mean values of ϕ(xi), i = 1, 2, . . . ,M , and ϕ(yi),

i = 1, 2, . . . , N , have been assumed zero. When the mean
values of a set of data are not zero, the data should be centered
first. However, when general data are not centered, the sample
covariance matrix in (5) still represents data correlation. There-
fore, the above computation procedures are still meaningful
for data without being centered and deemed as KFTM without
centering.

In fact, the data with zero-mean values in F are

ϕc(xi) =ϕ(xi)−
1
M

M∑
i=1

ϕ(xi), i = 1, 2, . . . ,M

ϕc(yi) =ϕ(yi)−
1
N

N∑
i=1

ϕ(yi), i = 1, 2, . . . , N.

Therefore, the centering kernel matrices for K, K̃, and Kt can
be obtained by

Kc =K− 1MK−K1M + 1MK1M (11)

K̃c = K̃− 1NK̃− K̃1N + 1NK̃1N (12)

Kt
c =Kt − 1MKt −Kt1N + 1MKt1N (13)

where matrices (1M )ij := 1/M and (1N )ij := 1/N . This kind
of computation is called centering. The principal eigenvector of
Kc is denoted by βc1, and the principal eigenvector of K̃c is
denoted by β̃c1.

The kernel feature template and the kernel feature can be thus
expressed as

vf
c1 = (ϕc(x1), ϕc(x2) . . . , ϕc(xM ))βc1

ṽf
c1 = (ϕc(y1), ϕc(y2), . . . , ϕc(yN )) β̃c1

where vf
c1 and ṽf

c1 are the principal eigenvectors of the sam-
ple covariance matrices of (1/M)

∑M
i=1 ϕc(xi)ϕc(xi)

T and
(1/N)

∑N
i=1 ϕc(yi)ϕc(yi)

T , respectively. Thus, the similarity
becomes

ρckftm = βT
c1K

t
cβ̃c1. (14)

Based on the given discussion, the proposed detection algo-
rithm is summarized uniformly in Algorithm 1.

Algorithm 1 KFTM—centering and noncentering

1: Retrieve the samples of the primary user from a given
database.

2: Select kernel function k. Given samples x1,x2, . . . , xM ,
the kernel matrix is K = (k(xi,xj))M×M . This kernel
matrix is updated when detecting signals with different
features.

3: The received vectors by the secondary user are y1,y2,
. . . ,yN . K̃=(k(yi,yj))N×N , andKt=(k(xi,yj))M×N .

4: if centering then
5: The centering matrix Kc of K is calculated. K=Kc.
6: The centering kernel matrix K̃c of K̃ is calculated.

K̃ = K̃c.
7: The centering matrixKt

c ofKt is calculated. Kt=Kt
c.

8: end if
9: Eigendecomposition of K to obtain its principal eigen-

vector β1. β1 is updated when detecting signals with
different features.

10: Eigendecomposition of K̃ to get its principal eigenvector
β̃1.

11:

β1 =β1/
√
μ1

β̃1 = β̃1/
√

μ̃1

where μ1 and μ̃1 are the largest eigenvalues of K and K̃,
respectively.

12: The similarity is

similarity = ρkftm = βT
1 K

tβ̃1

13: Setting the threshold Tkftm.
14: if |ρkftm| > Tkftm then
15: Primary user is present.
16: else
17: Primary user is absent.
18: end if
19: Thus, Pd = P (|ρkftm| > Tkftm|y = x+w), and Pf =

P (|ρkftm| > Tkftm|y = w).

C. Feature Template Matching

FTM is a special case of our proposed algorithm. When the
kernel mapping ϕ is identity, KFTM becomes linear FTM.

Likewise, a feature template of the primary user’s signal is
a priori in FTM. Assuming M -vectors x1,x2, . . . ,xM of
signal with zero mean, the sample covariance matrix is

Rx =
1
M

M∑
i=1

xix
T
i . (15)
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The principal eigenvector can be obtained by eigendecomposi-
tion of Rx

Rx = VΛVT (16)

where Λ = diag(λ1, λ2, . . . , λn) is a diagonal matrix. λi, i =
1, 2, . . . , n, are eigenvalues of Rx. V is an orthonormal matrix.
The columns v1,v2, . . . ,vn of V are the eigenvectors corre-
sponding to the eigenvalues λi, i = 1, 2, . . . , n. For simplicity,
take v1 as the principal eigenvector trained from the signal,
which is the linear feature template.

The feature ṽ1 for the zero-mean received signals yi,
i = 1, 2, . . . , N , is obtained by eigendecomposition of Ry =

(1/N)
∑N

i=1 yiy
T
i as well. The FTM detection rule is

similarity
H1

≷
H0

Tftm (17)

where Tftm is a threshold value. similarity is a similarity
metric between feature ṽ1 and feature template v1.

To be consistent, the similarity is inner product |ρftm| =
|〈v1, ṽ1〉|.

D. Computational Complexity

Assuming the linear and kernel feature templates are given
priori. Then, computation of the sample covariance matrix
and eigenvalue decomposition of the sample covariance matrix
are two major parts of complexity for the FTM algorithm.
Similarly, computation of the kernel matrix (Algorithm 1,
Step 3) and eigenvalue decomposition of the kernel matrix
(Algorithm 1, Step 10) are two major parts of complexity for
the KFTM algorithm. For sample covariance matrix calcula-
tion, FTM needs (Nn(n+ 1)/2) multiplications and ((N −
1)n(n+ 1)/2) additions. Computation of kernel matrix needs
to compute (n(n+ 1)/2) kernel functions. If nonhomogeneous
polynomial kernel with order d is used, computation of one
kernel matrix needs ((n+ d− 1)n(n+ 1)/2) multiplications
and (n(n+ 1)/2) additions. With the use of the fast principal
component analysis algorithm [14], [29], the computational
complexity of eigenvalue decomposition for FTM is O(n2),
whereas KFTM is O(N2). Considering that N is usually much
larger than n, the computational load of KFTM is higher
than FTM.

IV. CONCENTRATION INEQUALITIES OF KERNEL

FEATURE TEMPLATE MATCHING

In Sections IV and V, to abuse the notation, unless otherwise
specified, the feature template is denoted as v1, and the feature
from the received signal is denoted as ṽ1 in general kernel
spaces. ‖ · ‖ denotes Euclidean L2 norm of a vector. ρ is used
to denote similarity, and threshold is denoted by T for general
KFTM.

The similarity metrics ρ and |ρ| are random variables. The
concentration inequalities of ρ and |ρ| will be analyzed and
established here for the proposed algorithm. The detailed proof
will be also given based on the following famous result from
McDiarmid.

Lemma 1 (McDiarmid [30]–[32]): Let X1, X2, . . . , Xp be
independent random variables taking values in a set A, and
assume that f : Ap → R for 1 ≤ i ≤ p

sup
x1,...,xp,x̃i

|f(x1, . . . , xp)

−f(x1, . . . , xi−1, x̃i, xi+1, . . . , xp)| ≤ ci. (18)

Then, for all ε > 0

P (|f(x1, . . . , xp)−E (f(x1, . . . , xp))|>ε)

≤exp

⎛⎜⎜⎝−2ε2
p∑

i=1

c2i

⎞⎟⎟⎠ . (19)

Theorem 1: Let X1, X2, . . . , Xp be independent random
variables taking values in set A, and assume that |f | : Ap →
[0,+∞) for 1 ≤ i ≤ p

sup
x1,...,xp,x̃i

|f(x1, . . . , xp)

−f(x1, . . . , xi−1, x̃i, xi+1, . . . , xp)| ≤ ci.

Then, for all ε > 0

P (||f(x1, . . . , xp)|−E(|f(x1, . . . , xp)|)|>ε)≤exp

⎛⎜⎜⎝−2ε2
p∑
i=1

c2i

⎞⎟⎟⎠
Proof: Since

sup
x1...xp,x̃i

||f(x1, . . . , xp)|−|f(x1, . . . , xi−1, x̃i, xi+1, . . . , xp)||

≤ sup
x1···xp,x̃i

|f(x1, . . . , xp)−f(x1, . . . , xi−1, x̃i, xi+1, . . . , xp)|

≤ ci

based on Lemma 1, the theorem can be easily proven. �
As observed from Theorem 1, if f(x1, . . . , xp) concen-

trating at its mean value is established based on Lemma 1,
|f(x1, . . . , xp)| must concentrate as well. Furthermore, it
is easy to prove that |f(x1, . . . , xp)| concentrates at its
mean E(|f(x1, . . . , xp)|) with the same probability bound of
f(x1, . . . , xp).

Theorem 2: Let fv1
(y1, . . . ,yN ) be a real-valued function

f : AN→R, (y1, . . . ,yN) 	→〈v1, ṽ1(Rϕ(y))〉, where ‖v1‖=1
is a constant vector, y1, . . . ,yN are independent random vec-
tors taking values in a set A, and ṽ1 is the principal eigen-
vector of

Rϕ(y) =
1
N

N∑
i=1

ϕ(yi)ϕ(yi)
T . (20)

Then, for all ε > 0 and the Gaussian kernel, it yields

P (|〈v1, ṽ1〉 − E (〈v1, ṽ1〉)| > ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (21)
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where

ci =

4

√
2

(
1 − e−

4R2

ϑ2

)
Nδ1

(
Rϕ(y)

)
− 2

√
1 − e−

4R2

ϑ2

. (22)

R=maxy∈A‖y‖, and δ1(Rϕ(y))>0 is the eigengap (distance
between the largest and second largest eigenvalue) of Rϕ(y).

For all ε > 0 and polynomial kernels, it yields

P (|〈v1, ṽ1〉 − E (〈v1, ṽ1〉)| > ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (23)

where

ci =
4
√

2|R2 + c|d
Nδ1

(
Rϕ(y)

)
− 2|R2 + c|d

. (24)

R=maxy∈A ‖y‖, and δ1(Rϕ(y))>0 is the eigengap of Rϕ(y).
Proof: See Appendix A. �

Corollary 1: If function |fv1
(y1, . . . ,yN )| = |〈v1, ṽ1〉|

with v1, ṽ1, and yi, i = 1, 2, . . . , N , defined in Theorem 2, for
all ε > 0 and the Gaussian kernel, it yields

P (||〈v1, ṽ1〉|−E (|〈v1, ṽ1〉|)|>ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (25)

where

ci =

4

√
2

(
1 − e−

4R2

ϑ2

)
Nδ1

(
Rϕ(y)

)
− 2

√
1 − e−

4R2

ϑ2

. (26)

R=maxy∈A ‖y‖, and δ1(Rϕ(y))>0 is the eigengap of Rϕ(y).
For all ε > 0 and polynomial kernel, it yields

P (||〈v1, ṽ1〉|−E (|〈v1, ṽ1〉|)|>ε)≤exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (27)

where

ci =
4
√

2|R2 + c|d
Nδ1

(
Rϕ(y)

)
− 2|R2 + c|d

, (28)

R=maxy∈A ‖y‖, and δ1(Rϕ(y))>0 is the eigengap of Rϕ(y).
Corollary 1 can be easily derived based on Theorem 2, along

with Theorem 1.
Theorem 2 and Corollary 1 prove the concentration character-

istics of fv1
(y1, . . . ,yN )=〈v1, ṽ1〉 and |fv1

(y1, . . . ,yN )|=
|〈v1, ṽ1〉| based on noncentering data ϕ(yi), i = 1, 2, . . . , N .
Then, the concentration inequalities for the centering data
ϕ(yi)− (1/N)

∑N
i=1 ϕ(yi), i = 1, 2, . . . , N , will be studied.

Theorem 3: Let fv1
(y1, . . . ,yN ) be a real-valued func-

tion f : AN → R, (y1, . . . ,yN ) 	→ 〈v1, ṽ1(Rϕc(y))〉, where
‖v1‖ = 1 is a constant vector, y1, . . . ,yN are independent
random vectors taking values in a set A, and ṽ1 is the principal
eigenvector of the sample covariance matrix

Rϕc(y) =
1
N

N∑
i=1

(ϕ(yi)− μ) (ϕ(yi)− μ)T (29)

where μ = (1/N)
∑N

i=1 ϕ(yi); then, for all ε > 0 and the
Gaussian kernel, it has

P (|〈v1, ṽ1〉 − E (〈v1, ṽ1〉)| > ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (30)

where ci=4
√

2z/(Nδ1(Rϕc(y))−2z), z=
√

1−e−(4R2/ϑ2)+

2Rϕ

√
(1−e−(2R2/ϑ2)), R=maxy∈A‖y‖, Rϕ=maxy∈A‖ϕ(y)‖,

and δ1(Rϕc(y)) > 0 is the eigengap of Rϕc(y).
For all ε > 0 and polynomial kernel, it has

P (|〈v1, ṽ1〉 − E (〈v1, ṽ1〉)| > ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (31)

where ci = 4
√

2w/(Nδ1(Rϕc(y))− 2w); w = |R2 + c|d +
2Rϕ

√
((R2+c)d−ad), a=max{0, c−R2} for even d and a=

c−R2 for odd d, R=maxy∈A ‖y‖, Rϕ = maxy∈A ‖ϕ(y)‖,
and δ1(Rϕc(y)) > 0 is the eigengap of Rϕc(y).

Proof: See Appendix B. �
Corollary 2: If function |fv1

(y1, . . . ,yN )| = |〈v1, ṽ1〉|
with v1, ṽ1 and yi, i = 1, 2, . . . , N defined in Theorem 3, for
all ε > 0 and the Gaussian kernel, it yields

P (||〈v1, ṽ1〉|−E (|〈v1, ṽ1〉|)|>ε)≤exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (32)

where ci=4
√

2z/(Nδ1(Rϕc(y))−2z), z=
√

1−e−(4R2/ϑ2)+

2Rϕ

√
(1 − e−(2R2/ϑ2)), R = maxy∈A ‖y‖, Rϕ = maxy∈A

‖ϕ(y)‖, and δ1(Rϕc(y)) > 0 is the eigengap of Rϕc(y),
for all ε > 0 and polynomial kernel, it yields

P (||〈v1, ṽ1〉|−E (|〈v1, ṽ1〉|)|>ε)≤exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (33)

where ci = 4
√

2w/(Nδ1(Rϕc(y))− 2w), w = |R2 + c|d +
2Rϕ

√
((R2 + c)d − ad), a = max{0, c−R2} for even d, a =

c−R2 for odd d, R = maxy∈A ‖y‖, Rϕ = maxy∈A ‖ϕ(y)‖,
and δ1(Rϕc(y)) > 0 is the eigengap of Rϕc(y).
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The analysis can be directly applied to FTM when the pa-
rameters in the polynomial kernel are assigned to be d = 1 and
c = 0. The concentration analysis clearly illustrates why |ρ| =
|fv1

(y1, . . . ,yN )| = |〈v1, ṽ1〉| is a valid similarity metric for
detection based on both centering and noncentering methods.
The concentration phenomenon shows that, for a small value of
ε, with high probability

E|ρ| − ε ≤ |ρ| ≤ E|ρ|+ ε. (34)

The inequality indicates that, instead of spreading over its
whole support [0, 1], |ρ| highly concentrates at its mean
value E|ρ|. Therefore, with high probability, under the null
hypothesis

E|ρ0| − ε ≤ |ρ| ≤ E|ρ0|+ ε (35)

and under the alternative hypothesis

E|ρ1| − ε ≤ |ρ| ≤ E|ρ1|+ ε (36)

where E|ρ0| and E|ρ1| are mean values under H0 and H1,
respectively. E|ρ1| > E|ρ0| (see Fig. 3). Setting the threshold is
essential for a detection algorithm. The KFTM detector is valid,
and a robust threshold can be found based on the following fact:

H0 : |ρ| ≤ E|ρ0|+ ε

H1 : |ρ| ≥ E|ρ1| − ε. (37)

V. STATISTICS UNDER H0

Setting the threshold value is an important problem. The
concentration properties show that a robust threshold can be
found for KFTM. However, the closed-form expression of the
threshold is not given by concentration inequalities. Gener-
ally, the algorithms for detection aim at maximizing detection
probability Pd at a fixed false-alarm probability Pf with low
computational complexity. If probability distribution under H0

can be obtained, the threshold value can be easily achieved
theoretically for target Pf .

The closed-form mathematical expressions for the proba-
bility distribution function (pdf) of ρ = 〈v1, ṽ1〉 = vT

1 ṽ1 un-
der H0 and the decision threshold of the algorithm will be
derived here.

White Gaussian noise is ubiquitous in applications. The
covariance matrix of white Gaussian noise is scalar matrix σ2I,
where I is an identity matrix and σ2 is the noise variance
(power). After kernel mapping, white Gaussian noise data in the
input space are mapped as high-dimensional noise data, which
mimic independent and identically distributed noise in some
important cases. Through extensive simulations, it is found that,
after Gaussian kernel mapping, to a great extent, the covariance
matrix of the high-dimensional noise data still maintains the
form of a scalar matrix; after second-order polynomial kernel
mapping, the covariance matrix of the high-dimensional noise
data can be still approximated by a scalar matrix.

Theorem 4: When the covariance matrix of noise is σ2I, the
pdf of vT

1 ṽ1 is

f(x)=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−x · y
n−1
2

−1(1−y)
1
2
−1

B(n−1
2 , 12 )

=−x · g
(
y; n−1

2 , 1
2

)
, when−1≤x≤0, y=1−x2

x · y
n−1
2

−1(1−y)
1
2
−1

B(n−1
2 , 12 )

= x · g
(
y; n−1

2 , 1
2

)
, when 0≤x≤1, y=1−x2

(38)

where n-dimensional unit vector ‖v1‖ = 1 is a constant vector,
‖ṽ1‖ = 1 is the principal eigenvector of σ2I, I is n× n identity
matrix and

B

(
n− 1

2
,

1
2

)
=

1∫
0

u
n−1
2 −1(1 − u)

1
2−1du. (39)

Moreover

g

(
y;

n− 1
2

,
1
2

)
=

y
n−1
2 −1(1 − y)

1
2−1

B
(
n−1
2 , 1

2

) (40)

is the pdf of Beta(((n−1)/2), (1/2)). Beta(((n−1)/2), (1/2))
represents Beta distribution with shape parameters ((n− 1)/
2), 1/2.

Proof: See Appendix C. �
The simplified form is f(x)=((1−x2)((n−1)/2)−1/B(((n−

1)/2), (1/2)), −1 ≤ x ≤ 1.
Because f(−x) = f(x), the mean value of vT

1 ṽ1 is zero, i.e.,
E(vT

1 ṽ1) = 0. The variance can be cast as

var
(
vT
1 ṽ1

)
=

1∫
−1

(x− 0)2f(x)dx

= 2

1∫
0

x3 · g
(
y;

n− 1
2

,
1
2

)
dx

= −
0∫

1

x2 · g
(
y;

n− 1
2

,
1
2

)
dy

=

1∫
0

x2 · g
(
y;

n− 1
2

,
1
2

)
dy

=

1∫
0

(1 − y) · g
(
y;

n− 1
2

,
1
2

)
dy

=

1∫
0

g

(
y;

n− 1
2

,
1
2

)
dy

−
1∫

0

y · g
(
y;

n− 1
2

,
1
2

)
dy

= 1 −
n−1
2

n−1
2 + 1

2

=
1
n
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where
∫ 1

0 y · g(y; ((n− 1)/2), (1/2))dy is the expectation of
Beta(((n− 1)/2), (1/2)).

The derived pdf is Beta distribution related. In practice, Beta
distribution is difficult to utilize. Fortunately, it can be found
later that the derived pdf f(x) can be well approximated by
Gaussian pdf for a large n (as shown in Fig. 4).

Corollary 3: The obtained pdf f(x) can be well approxi-
mated by Gaussian pdf h(x) = (

√
n/

√
2π)e−(nx2/2) of mean

zero and variance 1/n for some large n.
Proof: See Appendix D. �

Based on Gaussian distribution of ρ

Pf =P (|ρ| > T |H0)

=P (ρ > T, ρ < −T |H0)

= 2P (ρ > T |H0)

= 2P (
√
nρ >

√
nT |H0)

= 2Q(
√
nT ).

Thus, threshold T can be derived as follows:

T = Q−1

(
Pf

2

)
1√
n

(41)

where Q(t) = (1/
√

2π)
∫ +∞
t e−(x2/2)dx.

When w is white Gaussian noise, the statistical distributions
of the null hypothesis and decision thresholds under different
cases are discussed as follows.

1) FTM: ρftm ∼ N (0, 1/n) under null hypothesis. N (0,
1/n) denotes Gaussian distribution with zero mean and
variance 1/n. Thus, analytical threshold for a given Pf is
given in (41).

2) Gaussian KFTM centering: It empirically finds that, to a
great extent, ρckftm ∼ N (0, 1/n̂f ) under null hypothesis,
where n̂f is an estimate of nf , which is the dimension of
data in the kernel space.

The theoretical dimensionality of the kernel space data
is infinite [17], which makes nf intractable. However, the
mapped data only occupy a small compact subspace [22].
Therefore, the dimension in effect is finite. An unbiased
estimator of nf can be obtained from simulations as
follows:

1
n̂f

=

SIM∑
i=1

(
ρckftmi

− 1
SIM

SIM∑
i=1

ρckftmi

)2

SIM− 1
(42)

where SIM is used to denote the total number of simula-
tions, and ρckftmi

is the sample from the ith simulation.
The analytical threshold for a given Pf is

T = Q−1

(
Pf

2

)
· 1√

n̂f

. (43)

3) Polynomial KFTM centering: The distribution of ρckftm
cannot be generally accurately predicted in theory.

However, through extensive simulations, it is found that
the distribution of ρckftm approximates N (0, 1/nf ) un-
der H0 for second-order polynomial kernels. Thus, the
analytical threshold for a given Pf of second-order poly-
nomial kernels is

T ≈ Q−1

(
Pf

2

)
· 1
√
nf

. (44)

For nonhomogeneous c = 1 and homogeneous c = 0
second-order polynomial kernels, nf = Cn+2

2 , and nf =
Cn+2−1

2 , respectively [17], where Cq
p is the number of p

combinations from q elements.

VI. SIMULATIONS

Real-world measurements of DTV signal [16] captured in
Washington, DC, USA, is used here as the primary user’s sig-
nal. The captured signal has duration of about 25 s and a sample
rate of 21.524476 MHz. Receiver SNR and the communication
channel between the transmitter and the receiver are unknown.

Kernel selection is an important but still an open prob-
lem [17] in kernel-based algorithms. The most widely used
polynomial kernel and the Gaussian RBF kernel are chosen
in this paper. The kernel function and parameters are given
empirically.

A. Kernel Feature Template Matching

The performance comparisons of the proposed algorithm
with its linear counterpart, and existing eigenvalue-based spec-
trum sensing methods, i.e., maximum-to-minimum eigenvalue
(MME) [8] and arithmetic-to-geometric mean (AGM) [9], are
provided.

First, 1000 Monte Carlo simulations are done for noncen-
tering KFTM in Algorithm 1, FTM, MME, and AGM. The
second-order polynomial kernel with c = 1 is applied to the
proposed algorithm. DTV signal is corrupted by white Gaussian
noise. n = 32, N = 312, and M = 625. The receiver operating
characteristic (ROC) curve is shown in Fig. 1. The proposed
nonlinear method performs best among all the methods. KFTM
achieves more than 4 dB gain over FTM in this simulation.

Second, 1000 Monte Carlo simulations are done for center-
ing KFTM in Algorithm 1, FTM, MME, and AGM. The third-
order polynomial kernel with c = 1 is utilized. DTV signal is
corrupted by colored noise. Detection probabilities for different
SNR are shown in Fig. 2. n = 32, N = 312, and M = 625. The
threshold value is assigned for a target false-alarm probability
of Pf = 0.01. In this simulation, KFTM achieves significant
performance improvement over all of the other methods.

B. Concentration Inequalities of KFTM

For illustrative purposes, the values of |ρckftm| for 1000
Monte Carlo simulations when k(xi, xj) = 〈xi,xj〉 are shown
in Fig. 3 under the two hypotheses. One thousand Monte
Carlo simulations are done. The noise w is white Gaussian
noise. n = 256, N = 78, and M = 156. H1 is simulated with
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Fig. 1. ROC curves of KFTM and FTM for white Gaussian noise.

Fig. 2. Pd of KFTM and FTM with Pf = 1% for colored noise.

Fig. 3. Values of |ρ| under two hypotheses from 1000 simulations.

SNR = 20 dB. Fig. 3 shows that |ρckftm| concentrates at dif-
ferent constants under the null hypothesis and the alternative
hypothesis. It can be easily seen that the mean value under H1

is much larger than the mean value under H0.

Fig. 4. Comparison of f(x) and h(x).

Fig. 5. Comparison of simulated and theoretical pdfs of ρftm under H0.

C. Statistics Under H0

First, the comparison of the derived pdf f(x) = ((1 −
x2)((n−1)/2)−1/B(((n−1)/2), (1/2))),−1≤x≤1 and Gaussian
pdf h(x) = (

√
n/

√
2π)e−(nx2/2) is shown in Fig. 4. n = 16,

32, 64 in the figure. When n = 16, f(x) can be already well
approximated by h(x).

Second, simulation validations for the derived pdf and de-
cision thresholds are performed here. White Gaussian noise is
added to obtain various SNR level. One thousand Monte Carlo
simulations are done for FTM, centering Gaussian KFTM,
and centering polynomial KFTM for SNR levels of −4, −8,
−12, −16 dB, respectively. n = 32, N = 312, and M = 625.
The Gaussian kernel with ϑ2 = 502/2 and the second-order
nonhomogeneous polynomial kernel are used.

Figs. 5 and 6 give the histogram and the pdf estimate from
simulations for ρftm and Gaussian ρckftm, respectively. The pdf
estimate is obtained from the simulated samples using Matlab
function ksdensity. The theoretical results (i.e., N (0, 1/n) and
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Fig. 6. Comparison of simulated and theoretical pdfs of ρckftm under H0

with the Gaussian kernel.

Fig. 7. Comparison of simulated and theoretical thresholds for FTM.

N (0, 1/n̂f )) are also plotted for comparison. The distributions
from simulation samples fit very well to the derived theoretical
results.

The thresholds of different SNRs from simulations are com-
pared with the theoretical thresholds [see (41), (43), and (44)]
in Figs. 7–9 for FTM, centering Gaussian KFTM, and centering
polynomial KFTM, respectively. As expected, for FTM and
Gaussian KFTM, the simulated thresholds match very well
with the theoretical results for all SNR cases. Moreover, for
polynomial KFTM, the theoretical thresholds approximate the
simulated ones with good precision.

VII. CONCLUSION

Based on the well-known kernel technique, a new nonlinear
detection algorithm is proposed for spectrum sensing in this
paper. The resultant nonlinear algorithm can be designed with-
out explicitly using the nonlinear features whose dimensions
may be infinite. After adopting the inner product as the metric

Fig. 8. Comparison of simulated and theoretical thresholds for centering
Gaussian KFTM.

Fig. 9. Comparison of simulated and theoretical thresholds for centering
polynomial KFTM.

to describe the “similarity” between two vectors, we avoid a
fundamental difficulty that otherwise would make the algo-
rithm computationally intractable. The proposed algorithm can
achieve significant performance improvement over its linear
counterpart but at the expense of generally higher computa-
tional complexity.

A theoretical analysis is performed for the proposed algo-
rithm (KFTM). Concentration inequalities for this algorithm
are established and proven rigorously. The detection metric
(an inner product between two random vectors) is a random
variable and is proven to be strongly concentrated around its
mean value. This result is of practical significance: setting the
threshold for a detection algorithm is essential. The closed-
form expressions of the probability distributions are derived
under null hypothesis for the proposed algorithm. Thus, the
closed-form expressions for decision thresholds are derived
for a target false-alarm probability. The obtained closed-form
expressions are validated by simulations. It is shown that the
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detection thresholds are independent of noise power, which
overcomes the famous noise uncertainty problem that limits
some algorithms such as energy detection.

The future extensions of this paper’s work include the follow-
ing. First is how the kernels are selected directly from the data,
which may be formulated as a semidefinite programing problem
[33]. Second, some alternative concentration inequalities [34],
[35] can be used. Finally, alternative estimators [36] for covari-
ance matrices are considered together with kernel selections.
New concentration inequalities can be studied for the combined
approach.

APPENDIX A
PROOF OF THEOREM 2

Proof: Let

R̃i =
1
N

⎛⎜⎝ N∑
j=1
j �=i

ϕ(yj)ϕ(yj)
T + ϕ (y′

i)ϕ (y′
i)

T

⎞⎟⎠ (45)

where i = 1, 2, . . . , N . Then

|fv1
(y1, . . . ,yN )− fv1

(y1, . . . ,yi−1,y
′
i,yi+1, . . . ,yN )|

=
∣∣∣〈v1, ṽ1

(
Rϕ(y)

)〉
−

〈
v1, ṽ1(R̃i)

〉∣∣∣
=

∣∣∣〈v1, ṽ1

(
Rϕ(y)

)
− ṽ1(R̃i)

〉∣∣∣
≤ ‖v1‖

∥∥∥ṽ1

(
Rϕ(y)

)
− ṽ1(R̃i)

∥∥∥
=

∥∥∥ṽ1

(
Rϕ(y)

)
− ṽ1(R̃i)

∥∥∥ .

To bound ‖ṽ1(Rϕ(y))− ṽ1(R̃i)‖, a famous result from matrix
perturbation theory [37], [38] needs to be utilized.

Let v1(A) be the principal eigenvector of symmetric matrix
A and the eigengap of A be δ1(A) > 0 if E is a symmetric
perturbation to A, when δ1(A) >

√
2‖E‖F . Then

‖v1(A)− v1(A+E)‖ ≤ 4 ‖E‖F
δ1(A)−

√
2 ‖E‖F

(46)

where v1(A+E) is the principal eigenvector of the matrix
A+E, and ‖ · ‖F is the Frobenius norm of a matrix.

Consequently

∥∥∥ṽ1

(
Rϕ(y)

)
− ṽ1(R̃i)

∥∥∥ ≤ 4 ‖Ei‖F
δ1

(
Rϕ(y)

)
−
√

2 ‖Ei‖F
(47)

where

Ei=R̃i−Rϕ(y)=
1
N

(
ϕ (y′

i)ϕ (y′
i)

T −ϕ(yi)ϕ(yi)
T
)

(48)

and δ1(Rϕ(y)) > 0 is the eigengap of Rϕ(y).
Ei is a symmetric matrix (perturbation) since ET

i = Ei. The
Frobenius norm of Ei is shown at the bottom of the page.

Case 1: when the Gaussian kernel is utilized

1
N

√(
k(yi,yi)2 + k (y′

i,y
′
i)

2 − 2k (y′
i,yi)

2
)

=
1
N

√(
2 − 2k (y′

i,yi)
2
)

=

√
2

N

√
1 − e−

‖y′
i
−yi‖2

ϑ2

≤
√

2
N

√
1 − e−

2‖y′
i‖2

+2‖yi‖2

ϑ2

≤
√

2
N

√
1 − e−

4R2

ϑ2 .

Therefore, when δ1(Rϕ(y)) >
√

2‖Ei‖F

|fv1
(y1, . . . ,yN )− fv1

(y1, . . . ,yi−1,y
′
i,yi+1, . . . ,yN )|

≤
∥∥∥ṽ1

(
Rϕ(y)

)
− ṽ1(R̃i)

∥∥∥
≤ 4‖Ei‖F

δ1
(
Rϕ(y)

)
−
√

2‖Ei‖F

≤
4

√
2

(
1 − e−

4R2

ϑ2

)
Nδ1

(
Rϕ(y)

)
− 2

√
1 − e−

4R2

ϑ2

.

‖Ei‖F =
√

trace
(
ET

i ·Ei

)
=

√
trace(Ei ·Ei)

=

√
trace

(
1
N2

(
ϕ(yi)ϕ(yi)T −ϕ (y′

i)ϕ (y′
i)

T
)2

)

=
1
N

√
trace

(
k(yi,yi)ϕ(yi)ϕ(yi)T +k (y′

i,y
′
i)ϕ (y′

i)ϕ (y′
i)

T −k (y′
i,yi)ϕ (y′

i)ϕ(yi)T −k (yi,y′
i)ϕ(yi)ϕ (y′

i)
T
)

=
1
N

√(
k(yi,yi)2+k (y′

i,y
′
i)

2−2k (y′
i,yi)

2
)
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According to Lemma 1, it yields

P (|〈v1, ṽ1〉 − E (〈v1, ṽ1〉)| > ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (49)

where

ci =

4

√
2

(
1 − e−

4R2

ϑ2

)
Nδ1

(
Rϕ(y)

)
− 2

√
1 − e−

4R2

ϑ2

(50)

and R = maxy∈A ‖y‖.
Case 2: When the polynomial kernel is utilized

1
N

√(
k(yi,yi)2+k (y′

i,y
′
i)

2−2k (y′
i,yi)

2
)

=
1
N

√
(〈yi,yi〉+c)2d+(〈y′

i,y
′
i〉+c)2d−2 (〈yi,y′

i〉+c)2d

≤ 1
N

√
(〈yi,yi〉+c)2d+(〈y′

i,y
′
i〉+c)2d

=
1
N

√
(‖yi‖2+c)2d+

(
‖y′

i‖
2+c

)2d

≤ 1
N

√
2(R2+c)2d

=

√
2

N
|R2+c|d

when δ1(Rϕ(y)) >
√

2‖Ei‖F . According to Lemma 1, it
yields

P (|〈v1, ṽ1〉 − E (〈v1, ṽ1〉)| > ε) ≤ exp

⎛⎜⎜⎝− 2ε2

N∑
i=1

c2i

⎞⎟⎟⎠ (51)

where

ci =
4
√

2|R2 + c|d
Nδ1

(
Rϕ(y)

)
− 2|R2 + c|d

(52)

and R = maxy∈A ‖y‖.
�

APPENDIX B
PROOF OF THEOREM 3

Proof:

Rϕc(y) =
1
N

N∑
i=1

ϕ(yi)ϕ(yi)
T − μμT . (53)

Following the proof procedures in Theorem 2

R̃ci =
1
N

⎛⎜⎝ N∑
j=1
j �=i

ϕ(yj)ϕ(yj)
T + ϕ (y′

i)ϕ (y′
i)

T

⎞⎟⎠ − ξiξ
T
i

where ξi = (1/N)
∑N

j=1
j �=i

ϕ(yj) + (1/N)ϕ(y′
i), i = 1, 2, . . . ,

N , and

Eci = R̃ci −Rϕc(y) = Ei + μμT − ξiξ
T
i (54)

where Ei is defined in (48). Defining ei = μ− ξi = (1/N)
(ϕ(yi)− ϕ(y′

i)), then∥∥μμT − ξiξ
T
i

∥∥
F
=

∥∥μμT − μξTi + μξTi − ξiξ
T
i

∥∥
F

=
∥∥μeTi + eiξ

T
i

∥∥
F

≤
∥∥μeTi ∥∥

F
+

∥∥eiξTi ∥∥
F

=
√

eTi eiμ
Tμ+

√
eTi eiξ

T
i ξi

≤ 2Rϕ

√
eTi ei

where Rϕ = maxy∈A ‖ϕ(y)‖, and

eTi ei =
1
N2

(k(yi,yi) + k (y′
i,y

′
i)− 2k (yi,y

′
i)) (55)

Case 1: When Gaussian kernel is used, eTi ei ≤ (2/N2)(1 −
e−(2R2/ϑ2))

‖Eci‖F =
∥∥∥R̃ci −Rϕc(y)

∥∥∥
F

≤‖Ei‖F +
∥∥μμT − ξiξ

T
i

∥∥
F

≤
√

2
N

√
1 − e−

4R2

ϑ2 + 2Rϕ

√
2
N2

(
1 − e−

2R2

ϑ2

)
therefore, ci = 4

√
2z/(Nδ1(Rϕc(y))− 2z), where z =√

1 − e−(4R2/ϑ2) + 2Rϕ

√
(1 − e−(2R2/ϑ2).

Case 2: When polynomial kernel is used

eTi ei =
1
N2

(
(〈yi,yi〉+ c)d + (〈y′

i,y
′
i〉+ c)

d
)

− 2
N2

(〈yi,y
′
i〉+ c)

d

≤ 2
N2

(
(R2 + c)d − ad

)
where a = max{0, c−R2} for even d, and a = c−R2

for odd d. Then

‖Eci‖F =
∥∥∥R̃ci −Rϕc(y)

∥∥∥
F

≤‖Ei‖F +
∥∥μμT − ξiξ

T
i

∥∥
F

≤
√

2
N

|R2 + c|d + 2Rϕ

√
2
N2

((R2 + c)d − ad).

Therefore, ci = 4
√

2w/(Nδ1(Rϕc(y))− 2w), where w =

|R2 + c|d + 2Rϕ

√
((R2 + c)d − ad). �
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APPENDIX C
PROOF OF THEOREM 4

Proof: Assuming the covariance matrix of noise is an iden-
tity matrix times its variance, i.e., σ2I, then any n-dimensional
unit vector ‖x‖ = 1 is the principal eigenvector of σ2I with
equal probability. Therefore, the principal eigenvector of noise
follows a uniform distribution on the n-dimensional unit
sphere Sn−1.

Accordingly, vT
1 ṽ1 = cos(θ), where θ is the angle between

v1 and ṽ1, which lies in interval [−1, 1], and ṽ1 is the uniform
distribution on Sn−1. The cumulative probability distribution
(cdf) of vT

1 ṽ1 can be cast as follows:

F (x) = P
(
vT
1 ṽ1 < x

)
=

∮
vT
1 ṽ1<x,‖ṽ1‖=1

ds

An
(56)

where An is the area of Sn−1, and
∮

is the integral on the
sphere Sn−1.

Case 1: When −1 ≤ vT
1 ṽ1 ≤ 0∮

vT
1 ṽ1<x,‖ṽ1‖=1

ds =
1
2
AnI(2h−h2)/r2

(
n− 1

2
,

1
2

)
(57)

=
1
2
AnI(2(1+x)−(1+x)2)

(
n− 1

2
,

1
2

)
(58)

where (57) is obtained based on the formula for the area of
a spherical cap of Sn−1 with radius r = 1, h is the height
of the cap where 0 ≤ h ≤ 1, and Ix(a, b) is regularized
incomplete Beta function. Equation (58) is derived due to
h = 1 + x. Accordingly

F (x) =
1
2
I(1−x2)

(
n− 1

2
,

1
2

)
(59)

where the pdf is the derivative of cdf

f(x) =
dF (x)

dx

= − x ·
dI(1−x2)

(
n−1
2 , 1

2

)
d(1 − x2)

= − x ·
dIy

(
n−1
2 , 1

2

)
dy

= − x · y
n−1
2 −1(1 − y)

1
2−1

B
(
n−1
2 , 1

2

)
= − x · g

(
y;

n− 1
2

,
1
2

)

where y = 1 − x2, and g(y; ((n− 1)/2), (1/2)) is the pdf
of Beta(((n− 1)/2), (1/2)).

Case 2: When 0 ≤ vT
1 ṽ1 ≤ 1

F (x) =

∮
vT
1 ṽ1<x,‖ṽ1‖=1

ds

An

=
An − 1

2AnI(2h−h2)/r2
(
n−1
2 , 1

2

)
An

=
An − 1

2AnI(2(1−x)−(1−x)2)/12
(
n−1
2 , 1

2

)
An

= 1 − 1
2
I1−x2

(
n− 1

2
,

1
2

)
where h = 1 − x. The pdf is

f(x) =
dF (x)

dx

=x ·
dI(1−x2)

(
n−1
2 , 1

2

)
d(1 − x2)

=x · g
(
y;

n− 1
2

,
1
2

)
where y = 1 − x2, g(y; ((n− 1)/2), (1/2)) is the pdf of
Beta(((n− 1)/2), (1/2)). �

APPENDIX D
PROOF OF COROLLARY 3

Proof: For a small value of ε > 0, when 0 ≤ x < ε, and for
some large n

f(x)

h(x)
≈ (1 − x2)

n−1
2 −1 ·

√
(n− 1)

Γ(0.5) ·
√

2
·
√

2π√
n
e

nx2

2

=
(1 − x2)

n−1
2 −1 ·

√
(n− 1)√

2π
·
√

2π√
n
e

nx2

2

=

√
(n− 1)√

n
· (1 − x2)

n−3
2 e

nx2

2

=

√
(n− 1)√

n
· e

n−3
2 ln(1−x2)e

nx2

2

=

√
(n− 1)√

n
· e−

n−3
2 (x2+o(x2))e

nx2

2

≈ e−
n−3
2 o(x2)

→ 1 (60)

where Γ(·) is the gamma function, and approximation
(60) is based on B(((n− 1)/2), (1/2)) ≈ Γ(1/2) · (((n−
1)/2))−1/2 for a large n. �
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