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A Generalized Time Domain Multipath Channel
and its Application in Ultra-Wideband (UWB)

Wireless Optimal Receiver:
Part III System Performance Analysis

Robert C. Qiu, Senior Member, IEEE

Abstract— This paper deals with the time domain character-
istics of UWB multipath channel while considering UWB pulse
shape distortion and its impact on system performance as well
as optimal receiver design. It appears that no deterministic and
analytical channel model in the time domain has ever been
appeared in the literature, to our best knowledge. A generalized
channel model and some related exact solutions for some specific
geometric configurations are discussed, based on the pulse prop-
agation mechanisms of reflection and diffraction. In addition,
a system performance framework integrated with the close-
form channel model expressions is also provided, corresponding
to the optimal receiver structure and the concrete geometric
configurations of a UWB channel. This work is very important
in the design of the optimal UWB systems.

Index Terms— CDMA, multipath model, optimal template,
system performance, UWB.

I. INTRODUCTION

PER path frequency dependence or pulse distortion has
been studied for the last decade [1-12]. This notion has

found applications, e.g., in [13-16]. In particular the IEEE
standard body adopted a special form of this model [16] where
per path pulse distortion is assumed to be identical for each
path. Originally this model was motivated by understanding
the underlying physics based on Maxwell’s equations and its
impact on system design. We attempted to understand the
RAKE performance in a CDMA system using the frequency
dependency model [12], mainly inspired by the underwater
acoustics work [22]. The continued work of ours was greatly
inspired by [21] and later (after 1998) by [18,20]. Pulse
distortion after diffraction by an edge or wedge was attacked
one century ago first by Sommerfeld [17]. His work is the
departing point for our channel modeling work based on
transient electromagnetics [23,25,26].

Our novel framework has a conceptual foundation based
on per-path pulse shapes. In other words, the generalized
multipath model uses their individual impulse responses.
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Physically, the channel is modeled as the localized scatter-
ing centers whose impulse responses correspond to those
of the generalized multipaths. Traditionally only the pulse
delays and attenuations are included in Turin’ model that
is widely used in wireless. The extremely short pulses of
UWB communications require a paradigm shift in propaga-
tion. All information including pulse shape distortion, delay
and attenuation is required for optimum reception. As a result,
transient electromagnetics that is directly based on Maxwell’s
equations is resorted to for a complete deterministic solution
for channel impulse response (also called Green’s function in
electromagnetics).

The ray based solutions provide the impulse response of the
channel where each ray (generalized multipath) will arrive sep-
arately. In such an impulse response the generalized multipath
is always guaranteed to be resolvable in time. Certainly in
the pulse response (bandlimited pulses as input to the impulse
response) received individual pulses can overlap in time. The
availability of the explicit expressions of the impulse response
that satisfy Maxwell’s equations exactly or asymptotically
allows the optimal generalized matched filter that matches to
the entire received signal composed of a linear superposition
of many generalized multipath pulses.

The pioneering work on UWB has been done by Win
and Scholtz [18-20], including the first channel measurements
[40,41], basic UWB impulse radio [19], foundation for RAKE
receiver analysis [42,43], and a complete analysis for synchro-
nization [44,45]. Time reversal (TR) appears be a paradigm
shift [46-49], to exploit the rich multipath unique to a UWB
channel, and compensate for pulse distortion [50]. As a result,
the complexity of the receiver can be shifted to the transmitter,
which is ideal for some applications. By using TR, extremely
simple noncoherent receivers can be used for low-cost and
low-power sensors [49]. Synchronization [44,45] is critical to
TR.

In this paper we use the GTD/UTD solutions as an asymp-
totic approximation of Maxwell’s equations. This approxima-
tion is widely acceptable in radio propagation problems when
the wavelength is small compared with the objects in the
propagation channel. For UWB of spectrum band 3.1-10.6GHz
given by the FCC, this approximation is true most of time. The
GTD/UTD solutions are used to obtain the optimal receiver. So
far we only restrict us to some simplified problems that allow
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explicit expressions. Eventually these closed-form expressions
will be used with ray tracing and experiments to optimally
solve more practical problems. More problems are solved after
this paper was accepted. Matched filter that is matched to
the distorted pulse waveform is required for optimal reception
[36]. Complicated channel estimation is needed in general-
ized RAKE for pulse distortion compensation [37]. Another
alternative is to avoid explicit channel estimation by using
transmitted reference scheme [38]. Finally time reversal mirror
can be used to collect rich multipath energy and compensate
for pulse waveform distortion [37,39].

This paper is Part III of our paper series [7,8]. In [8] the time
domain framework and signal processing was first suggested.
In [7] the system analysis for simple cases was dealt with.
This paper address more advanced system issues that did
not appear previously in [7]. The originality of this paper is
threefold. First the results are completely new. We have started
with a generalized time domain channel model. Second, for
the first time a mathematical model suitable for practical use
is obtained. The specific pulse distortion is approximated to
solve the system impulse responses in closed forms. Third,
several new receiver structures are given. The main body of
the formulation is analytical although some modest numerical
results are provided to illustrate the applications of these
expressions. It is found that pulse distortion has far reaching
impact on UWB system analysis and design, as evidenced in
[16].

II. THEORETICAL FORMULATION OF UWB PROPAGATION

A. Mathematical Physics
Based on the GTD framework and principle of locality, it is

established that the total response from a complex multipath
channel is modeled by the sum of the impulse responses of
local scattering centers [1-12]:

h(τ, θ, ϕ) =
NGO∑
n=1

an(θ, ϕ)δ(τ−τn)+
Nd∑
n=1

hn(τ, θ, ϕ)×δ(τ−τn)

(1)
where NGO and ND represent the number of geometric
optics rays and diffracted rays, respectively. The operation
“×” denotes convolution in (1). The transient responses of
the diffracted rays (the 2nd term) can be obtained through
exact, experimental, numerical and asympototic methods. A
geometric optics ray can be treated as a generalized diffracted
ray with hn(τ, θ, ϕ) = δ(τ, θ, ϕ). In general the per path
impulse responses hn(τ, θ, ϕ) are obtained from the solutions
of the time-domain Maxwell equations. It is analytically
impossible to give the solution for an arbitrary generalized
diffracted ray that is valid for arbitrary configurations. Rather
we are interested in the expressions valid for a large class
of such rays. These expressions are sufficient for most of
configurations in engineering applications. Fortunately the
field can be defined in the neighborhood of the singularity
τ = τα only. The field component of a generalized ray has
the behavior

hn(τ) =





ξ(τα − τ)
∞∑

n=0

Cn

n! (τα − τ)n, τ < τα

η(τα − τ)
∞∑

n=0

Dn

n! (τα − τ)n, τ > τα

,

then the corresponding transfer function has the form [7,25]

Hn(ω) =
∞∑

n=0

{
Dn

n!
1

(jω)n

∫ ∞

0

η(
t

jω
)tne−tdt

−Cn

n!
1

(−jω)n

∫ ∞

0

ξ(
t

−jω
)tne−tdt

}
(2)

where ξ(τ)and η(τ)are rather general and need definition
for a specific configuration. Note that these two functions are
only dependent on the local properties of a ray such as the
edge of a building. For the important special cases in which
both ξ(τ)and η(τ)are of the form τ1/2, the asymptotic series

contains fractional powers of (1/ω), e.g., 1/ωn+
1
2 where n is

an integer. For ω →∞each term of the series vanishes. This
is as expected, for there is no classical diffracted geometric
optics field. The leading term for large ω may well serve as
the geometric optics diffracted field. For a special case with
an integer n, via inverse Laplace transform it follows that

hn(τ) =





∑∞
n=0

Dn

n! (τ − τ0)n,τ > τ0

0 ,τ < τ0

Hn(ω) =
∞∑

n=0

Dn

(jω)n+
1
2

Γ(n + 3
2 ) (3)

Eq. (3) is valid for a special class of rays. All the rays
diffracted by a single wedge and multiply diffracted by several
wedges can be modeled through (3). This model is sufficiently
general for commonly encountered shapes predicted by GTD
or UTD [9,10]. Heuristically it is postulated that a more
generalized class of rays have the per path frequency responses
of (jω)αn , where αn are real numbers. This generalization
was first postulated one decade ago [12] for physics-based
UWB channel modeling but no system performance was done
accordingly. Eq. (3) can be generalized for a wider use. For
example, if a slow-varying frequency response Hn(ω)can be
fitted approximately by the curve of (jω)αn for the n-th
path, this postulation can be assumed to be valid as well.
In general a linear filter with the impulse response, hn(τ),
an arbitrary function of finite energy, can be used to represent
the generalized path response. Recently it is found that a finite
impulse response (FIR) filter could represent the hn(τ) very
well [37]. In Eq. (1), when a pulse is reflected from a surface,
distortion will occur. The exact pulse shapes reflected from
one surface and several surfaces are solved in [7].

B. Channel Impulse Response Due to Arbitrary Incident Pulse
Waveform

Based on the above postulation the generalized model of a
form can be expressed as

H(ω) =
∑N

n=1 An(jω)αnejωτn

h(τ) =
∑N

n=1
An

Γ(−αn)τ
−(1+αn)U(τ)× δ(τ − τn)

(4)

where αn are real values. This mode is asymptotically valid
for pulsed incident, reflected, singly diffracted and multiple
reflected/diffracted ray path field. The condition of using
this model is that all the wavelengths (corresponding to the
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TABLE I
SOME COMMONLY ENCOUNTERED PULSE WAVEFORMS

UWB Pulse Waveform Expansion in terms of Hn(t) Coefficients

f(t) = t2m, m = 0, 1, 2, ... f(t) =
∞P

n=0
c2nH2n(t) c2n = 1

22n(2n)!
√

π

(2m)!
(2m−2n)

Γ(m− n + 1
2
)

f(t) = eat, a=arbitrary number f(t) =
∞P

n=0
cnHn(t) cn = an

2nn!
e−a2/4

sgn(t), the sign function f(t) =
∞P

n=0
c2n+1H2n+1(t) c2n+1 =

(−1)n

22n(2n+1)!n!
√

π

frequency components of the pulse) must be small compared
with the objects of interest. Otherwise the validity condition
for using GTD/UTD will be violated. (The commonly used
geometric shapes are given in Table 1.) For practical problems
of pulses propagating through walls and buildings, a more
generic function than the one given in Eq. (4) is needed. Note
the parameter αn can be a random variable for statistical
channel modeling, as first suggested in [12]. The reason of
using this postulation is due to its mathematical simplicity and
its feasibility for a large category of problems. This form can
allow one to use the powerful mathematical tool of fractional
calculus [30] to conveniently describe his problems [2-4].
When a UWB baseband pulse of s(t) is incident, the pulse
response is

R(ω) =
∑N

n=1 AnS(ω)(jω)αnejωτn

r(τ) =
∑N

n=1
An

Γ(−αn)s(τ)⊗ [(τ − τn)−(1+αn)U(τ − τn)]
(5)

For some practical waveforms, closed form solutions can
be obtained. Since the time domain UWB signals and their
derivatives do not possess discontinuities due to their analytic
signal properties, we are interested in Hermite polynomials
formed purely from the derivatives of a Gaussian function.
First consider a family of pulses formed from Hermite poly-
nomials,

ψn(t) = Hn(t)e−t2 n = 0, 1, 2, 3, ...

Hn(x) =
(−1)n

√
2nn!

√
π

ex2 dn

dxn
e−x2

(6)

where Hn(x) is the Hermite polynomial of order n. The well
known Gaussian pulse is included as a special order of n = 0
(H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2, H3(x) = 8x3 −
12x). For the n-th order Hermite pulse, it follows that ψn(t) =

n∑
k=0

ank
dk

dtk ψ0(t). For example, up to the 4-th order the non-

zero coefficients of the 5x5 matrix are given as follows:

a00 = 1, a11 = −2
√

2, a22 = −8, a31 = −4
√

2,

a33 = 16
√

2, a42 = −8, a44 = −64.

Therefore an arbitrary pulse waveform can be expanded as

s(t) =
∞∑

n=0

cnHn(t)

cn =
1

2nn!
√

π

∞∫

−∞
e−t2s(t)Hn(t)dt (7)

For example, some commonly encountered pulse waveforms
are given by Table 1. It can be readily shown that

r(t) = [ dn

dtn s(t)]⊗ h(t) = dn

dtn [s(t)⊗ h(t)]

R(ω) = [(jω)nS(ω)]H(ω) = (jω)n[S(ω)H(ω)],

n = 0,±1,±2,±3, ...

(8)

According to (8), it can be further showed that

rHermite(t) = ψn(t)⊗ h(t)

=
n∑

k=0

ank
dk

dtk
[ψ0(t)⊗ h(t)]

=
n∑

k=0

ank
dk

dtk
rGaussian(t) (9)

The response of rHermite(t) reduces to that of sGaussian(t) =
ψ0(t) = e−t2 . The idea is very similar to the basic idea
of solving the time-harmonic response of ejωt rather than a
waveform s(t). The approach lies in the fact that Gaussian
waveform is the generating function of the Hermite pulse ψ(t),
i.e., ψ(t) is the derived function of ψ0(t) or Gaussian function.

C. Transient Response of a Diffracted Path

For most realistic geometric shapes the frequency depen-
dence factor of the n-th generalized path has the following
properties

Hn(ω) = Anejωτn(jω)αn ,

αn = − 1
2 + m,

m = 0,±1,±2,±3, ....

Now it can be showed that the problem of the response due to
a generalized path hn(τ) or Hn(ω) is reduced to the problem
of the frequency dependence of τ−1/2 or ω−1/2. Fortunately,
for this type of scattering center, the closed form response
r(t) is reached when s(t) is Gaussian. Denote this response as
rEdge
Gaussian(t), the edge diffracted transient response incident

by a Gaussian pulse. It can be simply showed that r(t) is
represented as

rm(t) = dm

dtm rEdge
Gaussian(t)

= dm

dtm { [ψ0(t)⊗ [(t− τedge)−(1+α)U(t− τedge) } ,

α = − 1
2

(10)

where dm

dxm represents the integral when m is negative. In
general, for an arbitrary pulse s(t), a convolution is required.
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To avoid that, in underwater acoustics, Altes suggested ex-
panding Hn(ω) in terms of a Taylor series [22]. Using the
same approach we model the edge diffraction as follows

H̃edge(ω) =
2∑

p=−2

bp(jω)p;

ω = 2πf ; f = [0.02, 20]GHz,

h̃edge(τ) =
∑2

n=−2 bpδ
(p)(τ);p = 0,±1,±2

b-2 =3.4714e-002 -j3.4714e-002;

b-1 =4.9387e-001 +j4.9387e-001;

b0 =2.0287e-001 -j2.0287e-001;

b1 =2.9981e-003 +j2.9981e-003;

b2 =-1.5776e-005 +j1.5776e-005

(11)

where the coefficients bn are obtained through least square
curve fitting and δ(p)(τ) denotes the p-th differential (p >0)
or integral (p <0) of the Dirac function. Polynomials of
five terms are used to approximate the function, Hedge(ω) =
1/
√

jω, which is valid for the perfect conducting wedge of
any interior angle. The fitted curve fits the original curve very
well within the spectrum band of 20 MHz to 20 GHz. This
fitted curve is sufficient for many applications (e.g, 2-10 GHz).
Note the relation that f(τ) ∗ δ(p)(τ) = f (p)(τ) =

(
d
dτ

)p
f(τ),

where f(τ)is an arbitrary function. The transient response of
the n-th order Hermite pulse is obtained from (10) and (11)
as follows

redge(τ) = s(τ)⊗ hedge(τ) = ψn(t)⊗ hedge(τ)

=
2∑

p=−2

n∑

k=0

bpank
dk+p

dtk+p
ψ0(t) (12)

Consider a UWB channel h(τ) consisting of ND diffraction
paths, each of which can be represented by (12) when the
incident pulse s(τ) is the n1-oder Hermite pulse ψn1(t) =
n1∑

k=0

an1k
dk

dtk ψ0(t) defined before. Combining (4) and (12)

gives a closed form expression

r(τ) = s(τ)⊗ h(τ)

=
ND∑
n=1

An





2∑
p=−2

n1∑

k=0

bpan1k
dk+p+αn+

1
2

dtk+p+αn+
1
2

e−τ2
U(τ)

}
∗ δ(τ − τn) (13)

where n1 represents the n1-oder Hermite pulse ψn1(t), e.g.,
n1=2 for the 2-th Hermite pulse ψ2(t). When (k + p +
αn + 1

2 ) is a negative integer, this term denotes an integral.
Using the properties of the Hermite polynomial dmHn(t)

dtm =
2mn!

(n−m)!Hn−m(t),m < n, it follows that

r(τ) = s(τ)⊗ h(τ)

=
ND∑
n=1

An

{
2∑

p=−2

n1∑

k=0

bpan1k(−1)k+p+αn+
1
2

H
k+p+αn+

1
2
(τ)e−τ2

U(τ)
}
∗ δ(τ − τn) (14)

where the sum (k+p+αn + 1
2 ) is an non-negative integer and

the per path pulse response hn(τ) has a special form defined
in (14). The distorted pulse shape is expressed in (14). Note
in deriving (14) we assume that the αn has a specific form of
αn = − 1

2 + m where m is defined before. For example, for
the incident pulse of the widely used second order Gaussian
diffracted by an edge, we have αn = − 1

2 and n1 = 2 with (k+
p+αn + 1

2 ) varying from 0 to 4. Eq. (13) is valid when αn is
an arbitrary real number. In this case the fractional differential
[30] must be used to interpret the obtained results.

D. Channel Response due to Arbitrary Pulse (Numerical
Approach)

Now consider the diffracted mechanisms whose impulse
response can be represented by a generalized signal model as
follows h(τ)=τ−(1+α)U(τ ) where α is real. For simplicity the
index of path is dropped. It is obvious that h(τ), discontinuous
at τ=0, belongs to a singular or generalized function. This
mathematical difficulty prevents from a closed form solution.
It behaves as a Dirac function when α=0. Following Astanin
[26], we calculate the convolution in three steps: 1) Integration
of h(τ) removes the discontinuity of the impulse response

g(τ) =
∫ τ

0

h(τ)dτU(τ) =
1
−α

τ−αU(τ).

2) An intermediate function v(t) is calculated by the convolu-
tion integral of the unit-step response g(τ) with the incident
signal x(τ)

v(t) = s(τ)⊗
τ∫

0

h(t)dt =s(τ)⊗ g(τ) =

τ∫

0

y(t)dt.

3) The sought-for function is found by differentiation y(τ) =
d
dτ v(τ). A direct convolution of incident UWB pulse s(t)
with the impulse response h(t) has been tested. The error
is more than 15% for the peak amplitude of the obtained
waveform. This is unacceptable for the study of waveform
shape distortion. However, Astanin’s approach is within 0.1%
for this purpose. For α=0, h(t) behaves as a Dirac function
δ(t) and thus analytically the convolution of s(t) and h(t)=δ(t)
results in s(t) itself. The waveform thus calculated with
α=0 is used as the reference. The comparison shows that
the original waveform is not distinctive from the calculated
one(see Section IV).

III. UWB WIRELESS SYSTEM MODEL

A. UWB System Model

As an example of potential applications of the generalized
multipath model, a UWB system is considered with a typical
pulse-position modulation [18-21,7], following the notation
there. Their formulation is a special case of α=0 in this
formulation. First an ideal channel is considered with the CIR
h1(t) = A1δ(t− τ1), where A1 is attenuation and τ1 is only
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space-time delay. There are Ns monocycles transmitted per
symbol. The modulating data symbol changes only every Ns

hops. A pulse train of the form
∞∑

j=−∞
w(t− jTf ) consists

of monocycle pulses spaced Tf seconds apart in time. The
time hopping code provides an additional pulse shift to each
pulse in the pulse train, with the j-th monocycle undergoing
an added shift of c

(k)
j Tc. Each link (indexed by k) is assigned

a distinctive hopping code
{

c
(k)
j

}
. The transmitted monocycle

bit waveform can be expressed as

wbit(t) =
(i+1)Ns−1∑

j=iNs

w(t− jTf − c
(1)
j Tc − τ1).

A single symbol has a duration of Ts = NsTf . For a fixed
frame (pulse repetition) time Tf , the binary symbols rate Rs

determines the number Ns of monocycles that are modulated
by a given symbol via the equation Rs = 1

Ts
= 1

NsTf
sec−1.

The optimal receiver for this single signal in additive Gaussian
noise is simply a bit-duration cross-correlator shown in em-
ploying vbit = wbit(t)−wbit(t−δ) as a template signal, where
the embedded one-pulse template is v(t) = w(t)− w(t− δ).
We further limit our discussion to one user. Following the
standard procedure of the correlation receiver [27], we arrive
at the probability of error

Perror = 1√
2π

∫∞√
SNRout(1)

exp(−x2/2)dx

= Q
(√

SNRout(1)
)

(15)

where Q(x) is the complementary error function. The output
signal-to-noise ratio (SNRout) that one might observe in single
link experiments is defined as

SNRout(1) = A2
1

(Nsmp)2

σ2
total(1)

= A2
1

[NsRww(0)]2

N0
(1−Rww(δ)/Rww(0))2 (16)

where σ2
total(1) = σ2

rec, N0 is the noise density of the
background noise, and the auto-correlation Rww(τ) is defined
as

Rww(τ) =
∫ ∞

−∞
w(t)w(t− τ)dt,

mp =
∫ ∞

−∞
w(t)[w(t)− w(t− δ)]dt = Rww(0)−Rww(δ)

The symbol energy is Es = NsRww(0). The above formu-
lation provides sufficient insight into the system performance

using the conventional channel model h(τ) =
NGO∑
n=1

anδ(τ −
τn), where NGO is the number of geometric optics rays. For
a UWB signal a generalized channel model h(τ) is given in
Eq.(1). The distorted received signal is y1(t) = w(t) ⊗ h(t).
To understand the impact of the generalized multipath on
a UWB system, a channel with one generalized path only
is considered, i.e., h(τ) = A1h1(τ − τ1) where A1 is
the amplitude, τ1 the path delay, and h1(t) the normalized
waveform (not Dirac delta function in general) with a unit
energy. We are interested in two cases:

(a) the same template v(t) = w(t)− w(t− δ) as [18-20];

(b) v(t) = y1(t)− y1(t− δ) is used.
In case (a), following similar procedures of deriving (15)

and (16) leads to the same the probability of error but with
different SNRout defined as

SNRout(1) = A2
1

NsRy1w(0)
N0

(1−Ry1w(δ)/Ry1w(0)) (17)

where Rwy1 is the cross-correlation function Rwy1(τ) =
∞∫
−∞

w(t− τ)y1(t)dt. In case (b), it follows that

SNRout(1) = A2
1

NsRy1y1(0)
N0

(1−Ry1y1(δ)/Ry1y1(0)) (18)

See also Eq. (21). If we have Nu users, the expression in Eq.
(15) is still valid if we replace the SNR by

SNRout(Nu) =

(
1/SNRout(1) + σ2

a/(Nsm
2
p)

Nu∑

k=2

Ak

A1

2
)−1

(19)

σ2
a = T−1

f

∫ ∞

−∞

[∫ ∞

−∞
y1(t− s)v(t)dt

]2

ds

= T−1
f

∫ ∞

−∞
[Ry1w(0)−Ry1w(δ − s)]2ds (20)

B. Effect of Diffraction of a UWB Pulse on Cross-Correlation
Function

The cross-correlation function plays a central role in a UWB
receiver. The cross-correlation and auto-correlation functions
have the following relations

Rzw(τ) = Rww(τ)⊗ h(τ) = R∗wz(−τ)

Rzz(τ) = Rzw(τ)⊗ h(τ)

= Rww(τ)⊗ [h∗(−τ)⊗ h(τ)]

= Rww(τ)⊗ ρ(τ)

(21)

where
z(t) = w(t)⊗ h(t)

ρ(τ) = h(τ)⊗ h∗(−τ)
Fourier
<=> (|H(jω)|2)

When the transmitted waveform w(t) is changed by the gener-
alized multipath channel, say y1(t), by a localized scattering
center, using the original transmitted waveform as the template
in the receiver is problematic. Let us seek an optimal receiver
for the performance bound and the clues to the practical
implementations.

C. Optimum Maximum-Likelihood Detector for the Gener-
alized Multipath Model

The normalized received energy Eij at a location (i,j) is

given by Ei,j =
T∫
0

|ri,j(t)|2dt − ELOS , where ELOS is the

reference energy in the LOS path. When the transmitted pulse
w(t) is propagated in the presence of multipath, the received
signal is r(t) = y(t) + n(t) with y(t) = w(t) ⊗ h(t). The
optimal linear filter is a matched filter that is matched to y(t).



6 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 5, NO. 9, SEPTEMBER 2006

Therefore the output is the matched filter correlation receiver
is

RMatch(τ) ≈
∫ T

0

r(t)r(t− τ)dt = Rrr(τ) = Ryy(τ) + σ2

where σ2 =
∫ T

0
n2(t)dt is the energy of the AWGN in the

receiver. Now consider

y(t) =
N∑

n=1

Anxn(t− τn) = w(t)⊗ h(t)

where h(t) =
N∑

n=1
Anhn(t) and xn(t) = w(t) × hn(t). Our

interest is in finding the optimum values of {ân} and {τ̂n},
such that the synthesized waveform

∑N
n=1 ânxn(t−τ̂n) is well

matched to the received waveform r(t) [20]. In parallel with the
steps in [20] we develop our formulation for the generalized
multipath case. Since n(t) is AWGN, the optimum receiver in
the maximum likelihood sense is a minimum mean squared
error detector, i.e., the estimates of {ân} and {τ̂n} are the
values of an and τn such that

∫ T

0

|r(t)−
N∑

n=1

anxn(t− τn)|2dt

is minimized. It is well known that the optimization problem
reduces to minimizing the statistic

S(a, τ) = a†Ra− a†χ(τ )− χ†(τ )a

where a = [a1, a2, ..., aL]T , τ = [τ1, τ2, ..., τL]T and the
symbol “†” denotes the matrix transpose. The cross-correlation
matrix is defined by

R =

2
664

R11(τ1 − τ1) R12(τ1 − τ2) . . . R1L(τ1 − τL)
R21(τ2 − τ1) R22(τ2 − τ2) . . . R2Np(τ2 − τL)

...
...

. . .
...

RL1(τL − τ1) RL1(τL − τ2) . . . RLL(τL − τL)

3
775

with each entry of the matrix

Rij(τi − τj) =
∫ T

0

xi(t− τi)xj(t− τj)dt. (22)

The vector matrix χ(τ) is given by

χ(τ) =
∫ T

0
r(t)[x1, x2, ..., xL]T dt.

Define λ(τ) = R-1χ(τ), if we add and subtract λ(τ)R-1χ(τ),
and regroup the like terms, we obtain

S(a, τ) = [a− λ(τ )]†R[a− λ(τ )]︸ ︷︷ ︸
A

−λ(τ )†Rλ(τ )︸ ︷︷ ︸
B

.

Matrix theory shows that A ≥ 0. S(a, τ) is minimized if
A = 0 or

a(τ) = λ(τ) = R−1χ(τ),

B = λ(τ)†Rλ(τ) = χ(τ)†R−1χ(τ)

is maximized. The two conditions implies that

τ̂ = arg max
{

χ†(τ)R-1χ(τ)
}

; â = R-1χ(τ̂) (23)

Now let us simplify the expression for the case that each path
is separable from another, i.e.,

|τi − τj | > Tx

where Tx is the duration of x(t). The cross-correlation matrix
reduces to a diagonal one with elements of Ri(0), i=1,2,..,L,
since Rij(τi, τj) = 0 for all i 6= j.

Further from Eq. (23) we obtain

B = χ(τ)†R−1χ(τ) = arg max︸ ︷︷ ︸
τ

{
L∑

n=1

|χn(τn)|2/Rxnxn(0)

}

(24)
χn(τn) =

∫ T

0
r(t)xn(t− τn)dt;

χn(τ) = Rrxn
(τ), n = 1, 2, ..., L

(25)

Thus the ML estimates (Eq. (23)) of the delay vector τ and
amplitude vector a for a separable multipath channel based on
our generalized multipath model become

τ̂ = arg max︸ ︷︷ ︸
τ

{
L∑

n=1

|Rrxn(τn)|/
√

Rxnxn(0)

}

â = R−1χ(τ̂) (26)

where Rxnxn(0) is the energy of the n-th waveform xn(t).
We notice that what matters is the ratios of cross-correlations
Rrxn(τn) of r(t) and the n-th path waveform xn(t). It is
readily shown that the generalized solution Eq. (26) reduces
to the solution of [20] obtained when no pulse waveform
distortion is present, i.e., xn(t) = δ(t). It is instructive to
consider the correlation coefficient ρ with −1 ≤ ρ ≤ 1 instead,
ρrx(τ) = Rrx(τ)/

√
Rrr(0)/

√
Rxx(0). Eq. (26) gives the

bound achieved by the ML principle. In practice we could
use the sub-optimum successive cancellation algorithm [35,37]
that is much simpler.

D. System Performance of Optimal Matched Filter

In presence of ISI the formulation of Section C must be
used. Assuming the optimal generalized multipath detector is
used in the receiver, the performance can be obtained using
the normalized Euclidian distance. When n(t) is Gaussian, this
matched filter is the optimal linear filter. In absence of inter-
symbol interference (ISI) the idea is to use a filter matched to
the whole resultant pulse response y(t) in the whole received
signal r(t) = y(t) + n(t) where y(t) is

y(t) =
N∑

n=1

Anxn(t− τn) =
N∑

n=1

yn(t)

as defined in Section 3. Thus we use this filter to establish
a performance bound for the generalized multipath channel.
The normalized autocorrelation of the received pulse response
is defined as

Ryy(τ) =
1

Ey

∫ ∞

−∞
y(t)y(t− τ)dt > −1; ∀τ (27)

where Ey =
∫∞
−∞ [y(t)]2dt is the energy of the received

signal. Time reversal mirror uses the channel itself as part of
the matched filter to arrive at the equivalent signal, Ryy(τ).
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Fig. 1. Fitting the curve of the function H(ω) = 1/
√

jω using five
polynomials.

The signal at the receiver is rTR(t) = Ryy(t) + n(t) where
n(t) is the AWGN noise. For this new signal, very simple
detection such as non-coherent energy detection and leading
edge detection can be used [37,39].

As an example again let us consider the binary PPM case
that is considered for a different purpose [33,34]. The binary
transmitted signals are ψ

(1)
TX(t) = w(t) and ψ

(2)
TX(t) = w(t−τ)

for 0 ≤ t ≤ T . Similarly, the binary received signals are
ψ

(1)
RX(t) = y(t) and ψ

(2)
RX(t) = y(t − τ), The normal-

ized squared Euclidian distance between signals ψ
(1)
RX(t)and

ψ
(2)
RX(t) is defined as

d2(ψ(1)
RX(t), ψ(2)

RX(t)) =
1

2E

∫ T

0

|ψ(1)
RX(t)−ψ

(2)
RX(t)|2dt (28)

where E =
∞∫
−∞

(ψ(i)
RX(t))2dt, i=1,2 is the energy of each

signal and T the duration of each signal. It is easily led to
the fact that d2(ψ(1)

RX(t), ψ(2)
RX(t))=1-Ryy(τ). The bit error rate

(BER) can easily be obtained as

Pe(τ) = Q

(√
SNR · d2(τ)

2

)
(29)

where SNR represents the all signal-to-noise ratio (SNR) [33].
It is readily shown that (15) together with (18) is a special case
of (29) for a generalized path only.

IV. NUMERICAL RESULTS

For a propagation environment that requires a generalized
multipath channel model, correlation is the core function of a
UWB receiver. Our task is to find a pulse shape as a template
to drive the correlator such that the performance is optimum
in some sense. In Fig. 1 five terms polynomials are used to
approximate the function H(ω) = 1/

√
jω which is valid for

the perfect conducting edge and also true for a wedge of
any interior angle according to GTD and UTD (outside the
transition zone). The fitted curve fits the original curve very
well within the spectrum band of 20 MHz to 20 GHz. This
fitted curve is sufficient for our interest (2-10 GHz). In Figs.
2-4 we use the template pulse v(t) = w(t)− w(t− δ) in the

correlator receiver where w(t) is the bit waveform and w(t-δ)
is shifted by δ=0.156 ns. To compare our results we choose
the exactly same set of pulse parameters as [20]. We consider
here the normalized impulse response h(τ) of a diffracted path
of h(τ) = τ−(1+α) where α is a waveform parameter related
to the geometric shape of a scattering center. h(τ) is obviously
a discontinious distribution function. We plot the wave shape
of a diffracted path d(τ) = w(τ) ⊗ h(τ) in Fig. 2 (a), (b).
For α=0, the wave shape d(τ) is w(τ) itself. This special
case allows us to verify the correctness of our calculation.
There is a phase change of 1800 for α >0. In this case
when h(τ) = τ−(1+α) the integral of h(τ) is (−1/α)τ−α

which is always negative for all α >0. To compare our results
we choose the exactly same set of system parameters as
[20]. When α=0, our results (Fig. 3, 4) for δ=0.156 ns are
exactly identical to [20], i.e., mp=-0.1746, σ2

a=0.006045, the
dimensionless m2

p/σ2
a ≈ 504, following their notation. This

comparison verifies our simulations. We normalize our results
using the performance parameters corresponding to α=0. This
real value mp, a function of quantity δ, measures the similarity
of two signals. When mp is positive, it says the similar part of
two signals is more than the dissimilar part. In Fig. 3 (a) (b)
the impact of diffracted pulse distortion on the performance of
a correlation receiver is shown. The performance parameters
are normalized with respect to the ideal channel i.e., line of
sight path. In Fig. 4 a three-dimensional (3D) illustration of
the impact of diffracted pulse distortion on the performance of
a correlation receiver is shown. From the two plots we observe
the following:

(1) Diffraction at an edge changes the wave shape of the
incident pulse. This waveform change leads to the system per-
formance degradation. In the real design we must incorporate
the diffraction mechanisms into our channel model to bound
the realistic performance.

(2) In particular, for α=1 (corresponding to the first deriva-
tive of the incident pulse), Nmax tends to be zero since
the distorted waveform is almost orthogonal to the incident
pulse (the 2nd derivative of Gaussian). While near α= -1
(corresponding to the first integral of the incident pulse), we
observed similar receiver behavior.

(3) Similar to the Hermit function, each derivative or inte-
gral changed the order of a Hermite function and thus made
the two new functions orthogonal. Due to the normalization
our functions are not exactly the Hermite functions, i.e., not
exactly orthogonal for different orders.

For the UWB propagation environment, we model the
received signals y(t) (in absence of noise) as a three ray model
defined by y(t) = x(t − τ1) + R(t − τ2) + d(t − τ3) where
the energy of the reflected pulse R(t) and diffracted pulse d(t)
are equal to half of the energy of the direct Line of Sight
(LOS) x(t). The total channel energy is normalized to one.
Here we restrict ourselves in the relative pulse delay and
waveform. In Figs. 5 ,6, 7, “UTD” denotes the diffracted pulse
using UTD expressions of a perfectly conducting wedge [29].
“GTD” denotes Keller’s GTD expressions [28] and “Felsen
Exact” exact solutions obtained by Felsen [23]. The modeling
of channel is beyond the scope of this paper [see 14].

The difference between GTD, UTD, and Exact solutions
for the half-plane and wedge is treated in the time domain in
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(a) (b)

Fig. 2. (a),(b) The wave shape of a diffracted path d(t) and template v(t). The normalized impulse response h(τ) of a diffracted path. h(τ) = τ−(1+α)

where α is a waveform parameter related to the geometric shape of a scattering center.

Fig. 3. The Impact of Diffracted Pulse Distortion on the performance of a
correlation receiver: normalized mp/σ2

a. The performance parameters mp,
σ2

a and mp/σ2
a are normalized with respect to the ideal channel i.e., line of

sight path.

[4]. It is worthy of further explanations. Both GTD and UTD
are obtained using the so-called high-frequency asymptotic
solutions for the Maxwell’s equations. These solutions cor-
respond to the early-time response of the impulse response.
We are not sure if the early-time response can be used to
approximate the impulse response until compared with the
exact solution obtained first by Felsen [23]. We thus confirmed
this claim in our previous work [7] where more analytical
details are there. When the observation angle lies nearby
the transition zone, the GTD breaks down so UTD must
be used instead. In time domain GTD is much simpler than
the UTD. The agreement of these three methods also guides
our investigation. In general only experiences can tell when
these high-frequency methods break down. In high-frequency
electromagnetics we know these models are typically valid

Fig. 4. Three-dimensional (3D) illustration of the Impact of Diffracted Pulse
Distortion on the performance of a correlation receiver. The performance
parameters are normalized with respect to the ideal channel i.e., line of sight
path.

for the frequency above 100 MHz for the typical wireless
propagation environments (indoor, outdoor, and urban).

The main handicap of a time domain technique like UWB is
deconvolution, the inverse of the convolution operation caused
by the channel impulse response h(τ). To extract optimal
pulse shapes from the diffracted, delayed paths, we must face
deconvolution. R(t−τ2) and d(t−τ3) are overlapping to form
a new pulse that is in shape similar to that of a direct LOS
path as shown in Fig. 5. With Fig. 5, the optimal template is
derived via Eq. (26).

The optimum matched filter system performance in terms of
the normalized Euclidian distance and BER obtained in (28)
and (29) is shown in Fig. 6 and 7. The impact of the diffraction
process on the system performance in terms of BER is obvious
(Fig.7), varying with the modulation time index δ. Note Fig. 6
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Fig. 5. Cross-correlation between the received pulse response signal and
the diffracted pulse waveform template. The typical pulse response of the
generalized multipath channel (three-path) consists of a direct LOS path,
reflected path, and distorted path. The input pulse is a second order Gaussian
pulse. The distorted path impulse response is calculated by the three methods
(UTD, Keller’s GTD, Felsen’s exact solution) which are almost indistinctive.

and Fig. 7 assume that the matched filter is used in the receiver.
In absence of inter-symbol interference (ISI) this case is opti-
mum in the maximum likelihood sense, which is well known.
When the receiver is not matched with the received signal,
the loss can be very significant, depending on the difference
between the received signal and the receiver filter. This case
was considered in previous work [7] using one generalized
path only. The Gaussian case represents a performance bound
since the impulse response of this case is a Dirac function
(e.g. in free space). The received pulse is assumed to be the
2nd Gaussian pulse p(t) = [1 − 4π(t/tn)2] exp(−2π(t/tn)2)
where tn = 0.7531ns. The squared Euclidian distance is
d2(τ) = 1 − [1 − 4π(τ/tn)2 + 4π2

3 (τ/tn)4] exp(−π(τ/tn)2)
(plotted in curve “Gaussian” in Fig. 6). For sanity check we
calibrate the simulator with this curve and simulated curve
matches well with this closed form expression. When the
generalized multipath is considered, there is no closed form
solution. In Fig. 6 and 7 the generalized multipath curve
“oscillates” much more than the ideal Gaussian channel. This
effect is due to two mechanisms: (1) the three pulses are
not resolvable in the correlation function; (2) Some pulses
are distorted (the second pulse is distorted by reflection and
but distortion is small in shape. The third pulse is severely
distorted.) More systematical study is needed to understand
how these mechanisms add to the oscillatory curve. This effect
is also observed in [33] using experimental data. The effect of
pulse distortion on actual system performance was addressed
in [7].

In (1)-(3) the effect of antennas on systems is ignored at this
moment for simplicity. The contribution of the antenna on the
radiated pulse shape is significant [31,32]. Since the UWB
antennas distort the radiated and received pulses differently
as a function of observation angles and relative positions,
it is difficult to model the combined effects caused by both
diffracted rays and antennas. We are including the antennas
effects in our channel model and will report else where.
Mathematically we can include such effects in Eq. (1) so the

Fig. 6. The squared Euclidian distance for the Gaussian channel (ideal
multipath) (solid line) and the generalized multipath channel (three-path)
consisting a direct LOS path, reflected path, and distorted path. The distorted
path impulse response is calculated by the three methods (UTD, Keller’s GTD,
Felsen’s exact solution) which are almost indistinctive.

Fig. 7. The Bit Error Rate (BER) for the Gaussian channel (ideal multipath)
(solid line) and the generalized multipath channel (three-path) consisting
a direct LOS path, reflected path, and distorted path. The distorted path
impulse response is calculated by the three methods (UTD, Keller’s GTD,
Felsen’s exact solution) which are almost indistinctive. The Gaussian channel
represents the addictive Gaussian noise (e.g. free space) where there is no
multipath.

evaluation framework is still valid for the combined model. We
are different from Pozar’s work in that we are studying our
problems from a baseband point of view. Time reversal is an
adaptive approach to compensate for pulse distortion caused
by channel and antennas [37,39].

A receive filter is often unnecessary for a pulse-based UWB
system, one big advantage of the pulse-based system. See
e.g., [15,19,20]. Now assume we have a receive filter as
in a narrowband system. The effect of the receive filter is
considered together with the diffraction process. Let us call
the composite pulse shape p(t) (incident pulse passing through
the receiver filter). Since it is the linear system, absorbing the
receive filter into p(t) is allowed. When p(t) passes along
a generalized path characterized by its impulse response of
τ−(1+αn)U(τ) (See (4)). The effect of the generalized path
is equivalent to the fractional differential of p(t), i.e., the
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Fig. 8. The impact of pulse distortion caused by the received filter and
diffraction process. The incident pulse (the 2nd order Gaussian pulse) is
first distorted by a receive filter modeled by the Raised Cosine filter. Then
the filtered pulse is distorted by the diffraction process. Raised Cosine filter
parameters: β = 0.5, T=0.4 ns. The 2nd Gaussian pulse parameter tn=1 ns.

received pulse shape is (d/dτ)αn where αn is an arbitrary
real number. In Fig. 8 we give a typical situation where
the bandwidth of the receive filter is required so that the
effect of diffraction process is visible. The receiver filter is
modeled as a Raised Cosine filter with impulse response
of hr(t) = sin(πt/T )/(πt/T ) cos(πβt/T )/

(
1− 4β2t2/T 2

)
.

Raised Cosine filter parameters: β = 0.5, T=0.4 ns. The 2nd

Gaussian pulse parameter tn=1 ns.

V. CONCLUSION

This paper extends the previous work in three aspects. First
the generalized time domain model is used. The pulse wave
shapes are distorted due to mechanisms of both reflection
and diffraction. Antennas and RF circuits can also introduce
pulse shave distortion. Second, using the obtained generalized
models and exact model solutions for the special configu-
rations, for the first time we obtain the numerical results
for the system performance parameters such as BER and
SNR that are connected with the channel parameters (exact
or approximate). We establish a framework (sometime can
be formulated in close form) that includes two parts. The
first part mainly deals with the pulse shape distortion caused
by different mechanisms. The second part deals with the
system performance impacted by these mechanisms. Third,
we analytically derive the optimal receiver template for the
generalized multipath model. By combining the closed form
channel model expressions, we analytically and deterministi-
cally establish the connections of the optimal receiver structure
with the geometric configurations of a UWB channel. Finally
time reversal mirror uses the channel itself as part of receiver
to realize a matched filter. It adaptively compensates for
distortion caused by propagation and antennas and is very
promising for UWB communications.
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