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Abstract—Spectrum sensing is a fundamental problem in cog-
nitive radio. How to sense the presence of primary user promptly
in order to avoid the unexpected interference is a key issue to the
system. The motivation of our work is to detect the primary user
signal using small size data in short time. In this paper, a quickest
detection based approach is proposed for spectrum sensing. This
approach employs covariance matrix estimation instead of sample
covariance matrix as the first step, then the core idea of sequential
detection or quickest detection is borrowed and utilized here
to improve the performance of traditional eigenvalue based
MME and AGM detectors. The main advantage of the proposed
approach is that it requires short data to detect quickly and it
works at lower SNR environments than some traditional methods.
A performance comparison between the proposed approach and
other traditional methods is provided, by the simulation on
captured digital TV (DTV) signal. The simulation results show
this proposed approach exhibits performance improvement while
the threshold keeps robust.

I. INTRODUCTION

Spectrum sensing is the key component for cognitive radio
which is the next generation wireless communication system.
Spectrum sensing tries to find the spectrum hole available for
the unlicensed cognitive radio. Based on the results of spec-
trum sensing, cognitive radio can perform dynamic spectrum
access to make the spectrum utilization efficient.

For traditional sample covariance matrix based spec-
trum sensing methods, e.g., maximum-minimum eigenvalue
(MME) [1], arithmetic-to-geometric mean (AGM) [2], func-
tion of matrix detection (FMD) [3], [4], and so on, sample
covariance matrix based on large-size sensed data is used to
derive detection statistics. However, due to the short time dura-
tion of spectrum hole, the accurate and quick spectrum sensing
is the prerequisite of high-performance cognitive radio. If we
can shorten the time needed for spectrum sensing, more time
can be exploited and allocated for the reaction of cognitive
engine and dynamic spectrum access. The straightforward
challenge for quick spectrum sensing is how to guarantee the
detection performance of spectrum sensing using small-size
sensed data. This paper tries to address this issue and give the
potential solution to the quickest spectrum sensing in the low
SNR situation.

From the statistical point of view, the sample covariance
matrix is the maximum likelihood estimation of true covari-
ance matrix when sample size goes to infinity. However, if
sample size is small or the dimension of samples is in the
same order of sample size, the sample covariance matrix
can behave very badly, which cannot describe the accurate
statistical relationship within each sample.

Quickest detection [5] tries to detect the change of two
different random processes with the shortest delay. If the
change happens at the beginning of spectrum sensing, the goal
of quickest detection is similar to that of sequential detection.

The advantage of this paper is threefold:
• The proposed method can detect the PU signal quickly

without knowing the statistical distributions of PU signal
or noise.

• Given the number of data samples, the proposed method
works at lower SNR environment compared with some
other traditional approaches.

• The detection threshold of the proposed quickest spec-
trum sensing is invariant to the SNR and sample size.

The rest of the paper is organized as follows. Section II
gives the background knowledge of spectrum sensing together
with the well-studied spectrum sensing methods. In section III,
the quickest spectrum sensing with small-size sensed data are
presented. Simulation results and performance evaluations are
given in section IV followed by some remarks in section V.

II. SYSTEM MODEL AND PRIOR SOLUTIONS

A. Binary Hypothesis

In a secondary network, we consider each secondary user
(SU) with one receive antenna to detect one primary user
(PU) signal based on its own observation. Let x(t) be the
continuous-time received signal after unknown channel. Let
Ts be the sampling period, the received signal sample is
x [n] = x (nTs). There are two hypotheses to detect PU
signal’s existence, H0, only noise (no PU signal) exists; and
H1, both PU signal and noise exist. The received signal
samples under the two hypotheses are given respectively as



follows:

H0 :x [n] = w [n] (1)

H1 :x [n] = s [n] + w [n] (2)

where w [n] is the received white Gaussian noise, and each
sample of w [n] is assumed to be independent identical dis-
tribution (i.i.d.), with zero mean and variance σ2

n. s [n] is
the received PU signal samples after unknown channel with
unknown signal distribution. Two probabilities of interest to
evaluate detection performance. One is probability of detection
Pd, the other is probability of false alarm Pfa. The require-
ments of Pd and Pfa depend on applications.

B. Sample Covariance Matrix

Assume spectrum sensing is performed based on the statis-
tics of the ith sensing segment Γx,i, which consists of Ntot
total sample data. The sensing segment Γx,i can be formed
as N sensing vectors with L (called “smoothing factor”)
consecutive output samples in each vector:

Γx,i =
{
x(i−1)N+1,x(i−1)N+2, · · · ,x(i−1)N+N

}
(3)

xi = [x [i] , x [i+ 1] , · · · , x [i+ L− 1]]
T (4)

where xi ∼ N (0,Rx). Thus we have the equation

Ntot = N + L− 1 (5)

Here, to distinguish Ntot and N , Ntot is named total data size,
and N is named sample size.

The unstructured classical estimator of Rx is the sample
covariance matrix defined as

R̂x =
1

N

N∑
i=1

xix
T
i (6)

C. MME Detector

The maximum-minimum eigenvalue (MME) algorithm [1]
first calculates the sample covariance matrix R̂x, then ob-
tain the maximum and minimum eigenvalue of the matrix
R̂x, namely, λmax and λmin. If there is no signal, almost

λmax/λmin =
(1+
√
α)

2

(1−
√
α)

2 ; otherwise, λmax/λmin >
(1+
√
α)

2

(1−
√
α)

2 ,

where α = L
N for one antenna at the receiver. So the resulting

detector computes the ratio of λmax and λmin and is compared
with a threshold

TMME =
λmax
λmin

> γMME (7)

where γMME is a threshold for a probability of false alarm.
This algorithm does not require the knowledge of noise
variance and works without the noise uncertainty issue.

D. AGM Detector

The arithmetic-to-geometric mean (AGM) [2] detector is
derived from GLRT, it finds an unstructured estimate of Rx

to be Rs + σ2
nI under H1 and σ2

nI under H0. λm represent
all eigenvalues of sample covariance matrix and M is the
dimension of sample covariance matrix. Since the arithmetic
mean is larger than geometric mean, the resulting detector
computes the AGM of the eigenvalues of sample covariance
matrix and compares with a threshold

TAGM =
1
M

∑
m λm

(
∏
m λm)

1
M

> γAGM (8)

III. QUICKEST SPECTRUM SENSING WITH SMALL SIZE
DATA

Detecting the presence of PU signal promptly is a basis
of cognitive radio system. As soon as PU is detected in the
home channel, the SU has to vacate its home channel. For
example, the IEEE 802.22 standard for unlicensed operation
in the TV bands regulates that PU should be detected within
2 seconds from their appearance [6]. SU failed to sense the
occupied spectrum and vacate the spectrum in time will cause
unexpected harmful interference to PU.

In quickest spectrum sensing, we want the detector to
sense the presence of PU signal as soon as possible, which
requires small total data size Ns. Thus, the sample size N
would be comparable to matrix dimension L, even N < L.
In such case, the sample covariance matrix R̂x is known
to be a poor estimator of Rx. A more accurate covariance
matrix estimator is essentially needed to substitute the sample
covariance matrix.

A. Covariance Matrix Estimation

In the case when N ≥ L, the maximum likelihood (ML)
estimator is an appropriate estimator, which can be found using
the following fixed point iterations:

Σ̂j+1 =
L

N

N∑
i=1

sisi
T

siT Σ̂−1j si
(9)

where the initial Σ̂0 is usually set to the identity matrix. The
normalized sample si is defined as

si =
xi
‖xi‖2

(10)

The problem is that the ML estimator has no solution when
N < L.

We need an estimator can deal with the case N < L.
In oracle-approximating shrinkage (OAS) estimator [7], the
estimator Σ̂ uses an nonrandom coefficient to minimize the
mean-squared error (MSE), which is the solution to

minρ E

{∥∥∥Σ̂−Rx

∥∥∥2
F

}
s.t. Σ̂ = (1− ρ) R̂x + ρF̂

(11)



where R̂x is the sample covariance matirx defined in Eq. (6).
The matrix F̂ is referred to as the shrinkage target, defined as

F̂ =
Tr
(
R̂x

)
L

I (12)

where I is a L dimensional unitary matrix. Shrinkage coef-
ficient ρ, usually between 0 and 1, is aimed at minimize the
MSE.

The OAS estimator initializes iterations with an initial guess
of Rx and iteratively refine it. The iteration procedure is
continued until convergence, which is

ρ̂j+1 =

(
1− 2

L

)
Tr
(
Σ̂jR̂x

)
+ Tr2

(
Σ̂j

)
(
N + 1− 2

L

)
Tr
(
Σ̂jR̂x

)
+
(
1− N

L

)
Tr2

(
Σ̂j

)
(13)

Σ̂j+1 = (1− ρ̂j+1) R̂x + ρ̂j+1F̂ (14)

The initial guess Σ̂0 could be the sample covariance matrix
R̂x. And the initial ρ̂0 could be any value between 0 and 1.

when the above iteration converges, we can get the follow-
ing estimate:

ρ̂OAS = min


(
1− 2

L

)
Tr
(
R̂2
x

)
+ Tr2

(
R̂x

)
(
N + 1− 2

L

) [
Tr
(
R̂2
x

)
− Tr2(R̂x)

L

] , 1

(15)

After using ρ̂OAS to substitute ρ in Eq. (11) we can get the
estimated covariance matrix as

Σ̂OAS = (1− ρ̂OAS) R̂x + ρ̂OASF̂ (16)

All the eigenvalues required by the following proposed algo-
rithm shown in Eq. (7) and Eq. (8) will be obtained from
eigendecomposition executed on this OAS method estimated
covariance matrix.

B. Proposed Quickest Detection Based Approach

The CUSUM test [8] is based on the perfect knowledge of
the distributions. In our situations, the distribution parameters
are unknown. However, the core idea can still be utilized for
our algorithm.

The stopping data sample for detecting the presence of PU
signal is given by

Nt = inf (N | QN ≥ γ) + L− 1 (17)

where the γ is the detection threshold and QN is the final
metric for detection when total N sample size are involved,
defined as

QN =
qN
N

(18)

where cumulative metric qN can be computed recursively:

qN = max (qN−1 + TN , 0) (19)

where TN represents the original detector metric for total N
sample size. In this paper, TN can be replaced by TMME in
Eq. (7) or TAGM in Eq. (8) when total N sample size involved.
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Fig. 1. Overall architecture and data flow of the proposed approach

The initial cumulative metric q0 is 0. Eq. (19) accumulates
the original detector metrics obtained from all the different
sizes of samples, which utilizes all the results of different sizes
of samples, hence it could make the gap between PU signal
embedded with noise and pure noise big enough to detect PU
signal’s existance.

Fig. 1 shows the overall architecture and data flow of the
proposed quickest small data spectrum sensing approach. A
sequence of data are fed into the system for detection, at
least L data are needed to form a multivariate vector for one
decision, every additional sample comes into the system will
generate a new decision result until the threshold is achieved,
in other words, PU signal is detected.

Based on the above analysis, we emphasize the principle
of ’estimating while detecting’ and propose quickest detection
based approach, which is summarized as Algorithm 1. In this
Algorithm 1, covariance matrix estimated by shrinkage method
is exploited to derive the detection statistics with small-size
sensed data instead of sample covariance matrix.

Algorithm 1
1: Determine Pfa and Pd based on application requirement.
2: Determine the threshold γ based on Pfa.
3: Initial:
4: N = 1, q0 = 0,
5: Iteration:
6: Get the sensing segment Γx,i,
7: Calculate the sample covariance matrix R̂x,
8: Obtain the OAS estimated covariance matrix Σ̂OAS,
9: Calculate original detector metric TN ,

10: Get qN from TN and stored qN−1,
11: Get QN = qN

N
12: if QN > γ then
13: PU signal exists.
14: else
15: PU signal does not exist, N = N + 1,
16: Goto step 5
17: end if

Besides, estimated covariance approach is proposed as an
additional method to the Algorithm 1. In this approach, the



steps 10 and 11 in Algorithm 1 are eliminated while other
steps remain. The original detector metric TN is directly used
to compare with the threshold γ, to determine the PU signal’s
existence. The performance of estimated covariance approach
will also be provided in section IV as a reference.

C. Robust Threshold

The threshold in original detector MME or AGM is robust,
which means the threshold is stable against the noise level
change. The Algorithm 1 is just the cumulative result of MME
or AGM, the threshold also has nothing to do with the noise
variance or SNR level, so the threshold of Algorithm 1 is
invariant with SNR change. The sample size N has some
influence on the threshold in MME [1], through Algorithm
1 for MME divided N for averaging, the threshold varies in
some extent when N is not big. As the N becomes large,
the threshold is approaching to an unified value. On the other
hand, N has less impact on the threshold of AGM, so the
threshold of Algorithm 1 for AGM approaches to an unified
value quickly.

IV. SIMULATION RESULTS

In the following, we will give some simulation results using
DTV signal (field measurements) captured in Washington
D.C. [9]. The data rate of the vestigial sideband (VSB) DTV
signal is 10.762 MSamples/sec. The recorded DTV signals
were sampled at receiver at 21.524476 MSamples/sec and
down converted to a low central IF frequency of 5.381119
MHz. The smoothing factor L is chosen to be 32. Probability
of false alarm is fixed with Pfa = 10%. The SNR of the
received signal are unknown. In order to use the signals for
simulating the algorithms at low SNR, we need to add white
Gaussian noise to obtain various SNR levels [10]. In this
section, we pay more attention to sample size N rather than
the total data size Ntot, but Ntot can be simply calculated
from N follows Eq. (5). 1,000 simulations are performed on
each sample size or each SNR level.

We performed two simulation scenarios to verify the perfor-
mance of the proposed approach. One scenario is with SNR
fixed, while N is varying, which is to prove this proposed
approach needs less data to detect PU signal quickly. The
second scenario is with N fixed but SNR is varying, to
prove the proposed approach can work under lower SNR
environment than other approaches. Both MME detector and
AGM detector will be used as benchmark in the simulation
respectively.

In Fig. 2, SNR is fixed to be -5 dB, probability of detection
varies according to various of N . Suppose the requirement of
probability of detection for the system is 90%, we can see
the Algorithm 1 for MME needs only about 80 sample size
and estimated covariance MME needs about 160 sample size,
while sample covariance MME requires about 430 sample size.
For the DTV signal, 80 samples equal to 372 micro seconds
sampling time. When the SNR changes, the required sample
size changes accordingly as seen in Fig. 3. Under SNR 0 dB,
the required sample size is less than the situation when SNR
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Fig. 2. Probability of detection at SNR -5 dB for MME
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Fig. 3. Probability of detection at SNR 0 dB for MME
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Fig. 4. Probability of detection at SNR -5 dB for AGM

is -5 dB, especially for Algorithm 1 for MME, for which 20
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Fig. 5. Probability of detection when N = 30 for MME
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Fig. 6. Probability of detection when N = 30 for AGM

sample size is sufficient, corresponding to 93 micro seconds
sampling time. The similar performance comparison for AGM
when SNR is -5 dB is shown in Fig. 4. In all the above cases,
if the sample sizes are large enough, the detection performance
of sample covariance matrix based approaches and estimated
covariance matrix based approaches tend to be identical, which
means the estimated covariance matrix and sample covariance
matrix are both appropriate substitute of true covariance matrix
for big data.

In Fig. 5, we are considering the case that sample size N
is set to be 30 and SNR varies. To achieve 90% probability
of detection, sample covariance MME works at 22 dB, while
both of our proposed algorithms work at around 0 dB. The
SNR gain is about 22 dB. The similar case for AGM is
shown in Fig. 6, the Algorithm 1 for AGM can work at -2.5
dB, which shows 7.5 dB gain to sample covariance AGM.
Then we changed the N to be 10. As shown in Fig. 7,
sample covariance MME is unable to detect at any SNR
and our proposed methods still have decent performance of
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Fig. 7. Probability of detection when N = 10 for MME
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Fig. 8. Probability of detection when N = 10 for AGM

detection. Moreover, the gain between Algorithm 1 for MME
and estimated covariance MME is increased. The similar gain
improvement for AGM can be seen from Fig. 8. With less
sample size, the Algorithm 1 for both detectors demonstrates
superiority more apparently, which approves that Algorithm 1
is suitable for extremely small size data detection.

Meanwhile, the threshold is invariant when N or SNR
is changing. Fig. 9 shows for MME, as SNR changes, the
thresholds of Algorithm 1 and estimated covariance based
methods keep stable. Thresholds for AGM related algorithms
are more robust compared with MME related algorithms as
seen in Fig. 10. When N is increasing, the threshold becomes
more and more stable, though there is some small range
fluctuation when N is small. The phenomena are shown in
Fig. 11 and Fig. 12 for MME based and AGM based algo-
rithms respectively. The maximum fluctuation for Algorithm
1 for MME is about 20% when N is about 40. The maximum
fluctuation for Algorithm 1 for AGM is about 1% when N is
about 30, which is ignorable.
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Fig. 9. Threshold with SNR varies for MME
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Algorithm 1 for AGM

Estimated Covariance AGM

Fig. 10. Threshold with SNR varies for AGM
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Fig. 11. Threshold with N varies for MME

V. CONCLUSION

The quickest small data spectrum sensing algorithm was
proposed for cognitive radio system in this paper, which
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Fig. 12. Threshold with N varies for AGM

carries out joint covariance matrix estimation and quickest
change detection. The proposed architecture and algorithm
was presented. Captured DTV signal is simulated with our
proposed algorithm and other traditional eigenvalue based
algorithms, including MME and AGM.
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