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Abstract—This is Part III of the wireless tomography three-
paper series. Wireless tomography is related to wireless communi-
cations in that it requires the channel recovery between different
waveforms at transmit and receive, as well as multiple-input-
multiple-output (MIMO) communication system. According to
the pulse propagation mechanisms of reflection and diffraction,
ultra-wideband (UWB) waveforms suffer pulse distortion. Dis-
torted pulses will overlap and therefore increases the sampling
rate for accurate UWB channel recovery. Thanks to the recent
progresses in sampling theory and radio propagation theory,
we are able to propose a compressed sensing (CS) based UWB
channel recovery method considering pulse distortion. Thecon-
cept has been demonstrated through simulations. The sampling
rate is as low as 2 Gsps, compared with the Nyquist rate of 50
Gsps. A CS based2 × 2 MIMO communication system is also
proposed and simulated. The communication problem is modeled
as CS problem, and further reduce sampling rate required at the
receiver.

I. I NTRODUCTION

Wireless tomography is a novel approach to remote sensing.
It is related to ultra-wideband (UWB) communication [1]. This
is Part III of the wireless tomography three-paper series [1],
[2], [3]. UWB has received considerable attention [4], [5],[6].
It has many applications in military, medical applicationsand
personal applications, etc. In many communication scenarios,
non-line-of-sight (NLOS) propagation is encountered very
often. Because of the extremely wide bandwidth, UWB impul-
sive pulses will be distorted by the objects in the propagation
environment [7]. Sometimes those objects can be modeled
as parallel plates. For example, the airplane engine, or the
street. Such phenomenons have been investigated in [8], [9],
[10], [11] using transient analysis of electromagnetic wave
propagation. Two distortions can be caused by the NLOS
channel:

• Multipath caused by reflection
• Per-path wave shape distortion caused by diffraction

The first kind distortion is common in both narrowband and
UWB radios. The second kind, however, is unique to UWB
radio because of its extremely wide bandwidth. For accurate
channel recovery, therefore, both distortions need to be con-
sidered. Sampling rate is the bottleneck for UWB channel re-
covery. According to Nyquist sampling theorem, the minimum
required sampling rate to recovery is twice the bandwidth of
the original signal. Usually, because the UWB pulse bandwidth

is GHz level, the UWB pulse is very difficult to be recovered
using today’s analog-to-digital converter (ADC). Recently,
thanks to the recent advent of compressed sensing (CS) [12],
[13], it is possible to propose the UWB channel recovery
method with sub-Nyquist rate sampling. CS has been modeled
in UWB systems [14], [15], [16]. The proposed method of this
paper is different from previous work in that we model the
UWB channel recovery with both first kind and second kind
distortions. The proposed sensing method to recover the UWB
channel considers pulse propagation mechanisms of reflection
and diffraction. A modified dictionary is constructed using
the closed-form knowledge of pulse distortion. We show by
simulation that CS recovery performance using normal UWB
dictionary alone is much worse than the proposed method’s
performance considering the pulse distortion. The proposed
method for pulse distortion UWB channel is almost exact and
the sampling rate for recovery can be reduced to as low as 2
Gsps, compared with the minimum Nyquist rate of 50 Gsps.

Multiple-input-multiple-output (MIMO) is another impor-
tant issue in wireless tomography [1]. Based on the UWB
single-input-single-output (SISO) communication systemin
[16], we propose a2 × 2 MIMO system, based on CS. The
MIMO system is also modeled as a standard CS problem,
using the knowledge of filter-based CS. The sampling rate at
each receiver branch is further reduced compared with the
SISO system, though the total samples per second at the
receiver are almost the same. As a result, maximum achievable
sampling rate on each receiver branch and system complexity
need to be balanced in the system design.

The paper is organized as follows. Section II gives an
overview of CS. Section III presents the filter-based CS, which
is the key of modeling the channel recovery problem into a
CS problem. Parallel plates pulse distortion model and channel
recovery algorithm are proposed in Section IV, with simulation
results. Section V models MIMO communication system in a
standard CS problem and gives simulation results. Section VI
gets the conclusion.

II. COMPRESSEDSENSING BACKGROUND

[17] gives a most succinct highlight of the CS principles
and will be followed here for a flavor of this elegant theory.
Consider the problem of recovering anN × 1 signal vector
x. Suppose the basisΨ = [ψ1, ..., ψN ] provides aK-sparse



representation ofx, whereK << N ; that is

x =

N−1
∑

n=0

ψnθn =

K
∑

l=1

ψnl
θnl

(1)

Herex is a linear combination ofK vector chosen fromΨ;
{nl} are the indices of those vectors;{θnl

} are the coefficients.
Alternatively, we can write in matrix notation

x = Ψθ (2)

where θ = [θ0, θ1, ..., θN−1]
T . In CS, x can be recovered

successfully fromM measurements andM << N . The mea-
surement vectory is done by projectingx over another basis
Φ which is incoherent withΨ, i.e., y = ΦΨθ. The recovery
problem becomes anl1 − norm optimization problem:

θ̂ = argmin ||θ||1 s.t. y = ΦΨθ (3)

This problem can be solved by linear programming tech-
niques like basis pursuit (BP) or greedy algorithms such
as matching pursuit (MP) and orthogonal matching pursuit
(OMP).

III. F ILTER-BASED COMPRESSEDSENSING

Random filter based CS system for discrete time signals
was proposed in [18]. This idea can be extended to continuous
time signals. We use∗ to denote the convolution process in
a linear time-invariant (LTI) system. Assume that there is an
analog signalx(t), t ∈ [0, Tx] which is K-sparse over some
basisΨ:

x (t) =
N−1
∑

n=0

Ψn (t) θn = Ψ (t) θ (4)

where

Ψ (t) = [Ψ0 (t) ,Ψ1 (t) , ...,ΨN−1 (t)] (5)

θ = [θ0, θ1, ..., θN−1]
T (6)

Note that there are onlyK non-zeros inθ. x(t) is then fed
into a length-L FIR filter h(t):

h (t) =

L−1
∑

i=0

hiδ (t− iTh) (7)

whereTh is the time delay between each filter tap.
The outputy(t) = h(t) ∗ x(t) is then uniformly sampled

with sampling periodTs. Ts follows the relationTs/Th = q,
whereq is a positive integer.M samples are collected so that
M · Ts = ⌊L · Th + Tx⌋, where(L · Th + Tx) is the duration
of y(t).

Now we have the down-sampled output signaly(mTs),m =
1, 2, ...,M − 1:

y (mTs) = h (mTs) ∗ x(mTs)

=
∫ Ty

0 h (mTs − τ )x (τ) dτ

=
∫ Ty

0

[

L−1
∑

i=0

hiδ (mTs − iTh − τ )

]

x (τ) dτ

=
L−1
∑

i=0

hix (mTs − iTh)

= Φx

(8)

whereΦ is a quasi− Toeplitz matrix and

x = [x (0) , x (Th) , ..., x ((M − 1) qTh)]
T

= Ψθ (9)

Ψ = [Ψ (0) ,Ψ (Th) , ...,Ψ ((M − 1) qTh)]
T (10)

A quasi− Toeplitz matrix has such property: each row of
Φ hasL non-zero entries and each row is a copy of the row
above, shifted right byq places.

Let ym = y(mTs), we have

y = [y0,y1, ..., yM−1]
T (11)

Combining Equations 4, 5, 6, 8, 9, 10 and 11, we have:

y = ΦΨθ = Θθ (12)

Now the problem becomes recoveringN × 1 vector θ
from theM × 1 measurement vectory, which is exactly the
same as the problem posed in Equation 3. The number of
measurements for successful recovery depends on the sparsity
K, duration of the analog signalTx, filter lengthL and the
incoherence betweenΦ andΨ.

IV. SENSING THEUWB CHANNEL WITH PULSE

DISTORTION

Based on Section II and Section III, a channel recovery
method was proposed in [16], using the model in Equation
13. A 3–8 GHz channel can be recovered by a 500 Msps
A/D. We extend the idea to sense UWB channel considering
pulse distortion.

c (t) =

L−1
∑

i=0

ciδ (t− iTh) (13)

Here we introduce pulse distortion phenomenon into the
channel. Pulse distortion is caused by reflection and diffrac-
tion. When considering pulse distortion, the channel is mod-
eled as [9] in Equation 14: where NGO and ND represent
the number of geometric optic rays and diffracted rays, re-
spectively. The operation∗ denotes convolution in Equation
14. As an specific case, we use the model of parallel plates,
which can be modeled by half plane in Figure 1 [11]. In Radar,
Figure 1 is a typical model for airplane engine and street.
ρ is the distance parameter,φ is the observation angle and
φ0 is the incident angle.φ and φ0 satisfy the relationship:
0 < φ < π, φ 6= π ± φ0. The incident wave is considered
as a plane wave and the observation point is far from the



h (τ, θ, ϕ) =

NGO
∑

n=1

an (θ, ϕ) δ (τ − τn) +

Nd
∑

n=1

hn (τ, θ, ϕ) ∗ δ (τ − τn) (14)

plane edges. A 50 ps width second order Gaussian pulse will
be distorted by this environment and the distorted channel
impulse response is illustrated in Figure 2 and Figure 4.
Traditionally, the sampling rate required to recover the details
of the distorted pulse in Figure 2 is 50 Gsps. We try to use
the proposed CS structure to reduce the sampling rate to as
low as 2 Gsps.

Fig. 1. UWB pulse diffracted by parallel plates.

If we use the method in [16], the recovered channel with
2 Gsps sampling rate and a 77 ns sensing pulse will be like
Figure 2. We define the error energy to signal energy ratio
as err = |horg − hrec|2 / |horg|2, wherehorg and hrec are
original channel and recovered channel, respectively.err for
this recovery is 1.417, which means error energy is even
greater than signal energy.
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Fig. 2. Reconstruction using method in [16]

The poor performance is due to the mismatch of CS dictio-
nary. Only one un-distorted pulse is used as the dictionary.To
improve the performance, we need to utilize the knowledge of
half plane channel impulse response to build a new dictionary
for CS, considering distorted pulses. The time domain half
plane impulse response can be obtained by [11] in Equation
15.

whereu(t) is the unit step function,A0, A1 are constants
andc is the speed of light. From observation, we can see that
there are two kinds of distortions. One is distorted byu(t)

while the other is distorted byu (t) /
√
t. As a result, a new

dictionary with two basis sets can be built, so that the channel
can be represented by:

h =
[

U V
]

·G ·
[

αu

αv

]

(16)

whereU , V , G are dictionaries foru(t) andu (t) /
√
t and sec-

ond order Gaussian pulse, respectively.αu andαv are supports
for dictionariesU andV , respectively. In the simulation, we
use the same sampling rate of 2 Gsps and the sensing pulse
of 77 ns. Figure 3 shows the channel recovery result from
the proposed recover scheme and Figure 4 shows the detail of
one recovered pulse. Again, the recovered channel is a little bit
noisy but the details of the distortion are recovered properly.
The recovery is almost exact witherr = 0.014, which is
almost 100 times smaller than the result using [16]’s method.
Change of the parameters in Figure 1 will not affect the result
since they do not affect the sparsity of the channel impulse
response.
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Fig. 3. Sensing result from 2 Gsps sampling rate A/D.
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Fig. 4. Detail of a distorted pulse that is recovered by the proposed channel
recovery scheme.



h (t) =































A0
u(t)
√

t
·
[

δ (t− a/c (sinφ+ sinφ0) − ρ/c)
+δ (t+ a/c (sinφ+ sinφ0) − ρ/c)

]

+A1

∞
∑

m=0

1

(2m+1)
3

2

u (t) ·
[

δ (t− a/c (sinφ− sinφ0) − 2 (2m+ 1) a/c− ρ/c)
+δ (t+ a/c (sinφ− sinφ0) − 2 (2m+ 1) a/c− ρ/c)

]

−A1

∞
∑

m=0

1

(2m+1)
3

2

u (t) ·
[

δ (t− a/c (sinφ+ sinφ0) − 4ma/c− ρ/c)
+δ (t+ a/c (sinφ+ sinφ0) − 4ma/c− ρ/c)

]































(15)

Fig. 5. Block diagram of2× 2 MIMO communication system

V. COMPRESSEDSENSING BASED UWB 2 × 2 MIMO
COMMUNICATION SYSTEM

In this section we extend the original CS based UWB SISO
communication system in [16] to a single user2 × 2 MIMO
case. [16] models a UWB SISO communication system into
a CS problem. Similarly, we can model a single user UWB
MIMO communication system into a CS problem as well.
Fig. 5 shows the block diagram of the MIMO communication
system.

Without CS, we can model this2×2 MIMO communication
system in matrix form:

[

y1

y2

]

=

[

H11 H12

H21 H22

] [

α1

α2

]

(17)

In Equation 17,αi is the transmitted sample vector at
transmitteri, yi is the received sample vector at receiveri, and
Hij is the incoherent sub-channel in matrix form as shown in
Fig. 5. In this model, all samples are at Nyquist sampling rate.
In this single user case, we assumeα1 = α2 at the transmitter,
and sum upy1 andy2 together. Then, the MIMO system can
be modeled as:

y= [H11+H12+H21+H22]α (18)

Still, all samples are represented in Nyquist rate. Now,
we use the knowledge in Section III to model the MIMO
communication system as CS problem. The CS based2 × 2
MIMO block diagram is shown in Fig. 6. At the transmitter,
instead of transmitting originalα, we add a random filter
at each transmitter branch. Then, the receiver performs sub-
Nyquist rate sampling. After both samples are combined, a
solver is used to reconstruct the original transmitted signal.

Similar to Section III, we can model the CS based system
in matrix form:

[

y1

y2

]

= Φ

[

H11 H12

H21 H22

] [

α1

α2

]

(19)

where Φ is the quasi − Toeplitz matrix as defined in
Section III. Moreover, we can simplify Equation 19 into:

Fig. 6. Block diagram of CS based2× 2 MIMO communication system

y= Φ [H11+H12+H21+H22]α = ΦHα (20)

Now, the 2 × 2 MIMO problem becomes a standard CS
problem:

α̂ = argmin ||α||1 s.t. y = ΦHα (21)

We can use BP, MP, OMP or other CS solvers to estimate
α. The sampling rate at the receiver can be greatly reduced
because of the CS model.

Simulation is performed to verify this model. In the sim-
ulation, we compare the symbel error rate (SER) VS SNR
performance between this CS based single user2 × 2 MIMO
and the CS based SISO [16]. Since number of samples will
affect the CS solver’s accuracy, we define the unit ‘number of
samples per second’, Nsps. Nsps is not the sampling rate per
second at each receiver branch, but the number of samples per
second at the receiver. For example, the sampling rate of ‘500
M Nsps MIMO’ case at each receiver branch is 250 Msps,
which is half of the sampling rate of the ‘500 M Nsps SISO’
case. However, their numbers of samples at the receiver are
the same.

The simulation is performed in Matlab, with similar setup
in Section IV of [16]. 3 different Nsps settings for both SISO
and MIMO are performed: 125 M Nsps, 250 M Nsps and 500
M Nsps. The transmitted UWB signal is 3 GHz – 5 GHz.
Random FIR filter length is 128 ns. Sub-channels for2 ×
2 MIMO system are measured from indoor environment and
normalized, as well as channel for SISO system. Fig. 7 shows
the simulation results. For each SNR plot, 20000 simulations
are performed.

From Fig. 7, we notice that MIMO system outperforms
SISO system only at the 125 M Nsps case. In higher sampling
rate cases, their performances are the same, though MIMO
reduces sampling rate at each receiver branch by half. In our
future work, we will find out the reason for this. Generally,
using MIMO can further reduce the sampling rate burden
at each of the receiver branch, though the total number of
samples per second is almost the same.
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Fig. 7. Block diagram of CS based2× 2 MIMO communication system

VI. CONCLUSION

Wireless tomography is an idea of combining the wireless
communications and remote sensing. This is the Part III of
the three-paper series, providing solutions for the sampling
problem in UWB channel recovery with pulse distortion and
a 2 × 2 UWB MIMO communication system.

Pulse distortion is unique problem caused by the extremely
wide bandwidth UWB pulses and objects in the propagation.
In this paper we consider the channel recovery problem with
pulse distortion of the parallel plates model. We utilize the
closed-form results of that model to propose a CS based
method for UWB channel recovery in the parallel plates.
The channel recovery problem is modeled as CS problem
using filter based CS. Using additional dictionary from prior
knowledge helps to model the pulse distortion problem in the
framework of CS. We show by simulation that the proposed
method outperforms the original CS recovery without addi-
tional dictionary inerr by almost 100 times. The recovered
distorted channel is almost the same as the original one, though
the sampling rate is reduced to 2 Gsps, compared with 50 Gsps
sampling rate indicated by Nyquist sampling theorem. This
work shows an example of CS based UWB channel recovery
by building the additional dictionary using prior closed form
physical knowledge of distorted UWB pulses. It can easily be
extended to other pulse distortion models such as wedge model
and cylinder model [10], etc. The future work will be trying
to consider the distortion problem with combined multiple
distortion models, and generalized additional dictionarywhen
the prior closed form knowledge of distorted UWB pulses is
unknown.

From the CS based UWB2 × 2 MIMO communication
system and simulations results, we can conclude that the sam-
pling rate at each receiver branch can be further reduce. Also,
the performance of the system is approximately determined
by the total number of samples at the receiver side, not the
sampling rate. Therefore, the trade off between sampling rate

and receiver complexity needs to be considered in MIMO
system design.
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