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A Graphical Framework for Spectrum Modeling
and Decision Making in Cognitive Radio Networks

Husheng Li and Robert C. Qiu

Abstract— There are many key problems of decision making
related to spectrum occupancies in cognitive radio networks. It
is known that there exist correlations of spectrum occupancies in
time, space and frequency, which facilitates the decision making
problems. A uniform framework, utilizing graphical models and
tools, is proposed to integrate the spectrum correlations and
decision making problems. Bayesian networks are used to model
the probabilistic dependencies of spectrum occupancies. The
statistical inference over the Bayesian network is carried out
for spectrum sensing. Influence diagrams are used for cross-
layer decision makings by integrating the inference result of the
Bayesian network model of spectrum and the QoS requirement
from upper layers. A simulated scenario of primary user network
is used to generate the spectrum activities, based on which the
proposed graphical framework is demonstrated to improve the
performance of cognitive radio networks.

I. INTRODUCTION

Cognitive radio networks have attracted significant studies
in the last decade due to its capability of efficiently utilizing
the frequency spectrum [7]. Since secondary users (without
license) can only access licensed channels that are not being
used by primary users (with license), it is key to study the
opportunities in frequency spectrum, particularly the detection
and prediction of the spectrum occupancies using existing ev-
idences like spectrum sensing observations, spectrum activity
history and information exchanged from other secondary users.

It is well known that there exist correlations of spectrum
activities in time, space and frequency. These correlations
can be used to enhance the performance of many spectrum
related problems like spectrum sensing and channel selection.
In recent years, the modeling of spectrum activity correlation
has been studied in multiple research projects. In [12], the
primary user’s activity is modeled as a two-state Markov chain
in order to facilitate the tool of Markov decision process. A
finer model, semi-Markov chain, is studied and applied for
cognitive medium access [2]. The self similarity of Internet
traffic is applied to model the activity of primary user and
study the optimal spectrum access strategy [6]. These models
are focused on the temporal correlation of spectrum activities.
The spatial correlation of spectrum activities is also studied
by carrying out field measurement and applying the theory
of spatial statistics [9]. The correlation between the spectrum
activities at two locations is considered as a function of
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Fig. 1: Proposed Bayesian network for modeling the spectrum
occupancy for channel 1 at node A.

the corresponding distance, which is called variogram. The
correlation in frequency is studied in [10] jointly with the
spatial correlation. However, a uniform framework to integrate
these correlations is still lacking. Moreover, there is a pressing
need for a natural combination of these models with the
decision rules in different layers.

In this paper, we propose to use graphical models for
the inference and decision problems related to spectrum ac-
tivities in cognitive radio networks. Bayesian networks will
be used to model the correlations among time, space and
frequency and carry out statistical inference of spectrum
sensing. Influence diagrams will be applied in the decision
making for channel selection problems. The application of
graph for modeling probabilistic relationships traces back to
1921 [11]. Two typical graphical models, Bayesian networks
and Markov networks, were invented in 1980s [8] and 1970s
[3], respectively. Both models have abundant applications in
various areas. Particularly, the Bayesian networks [5], [8] have
achieved an amazing success in the decoder design of low
density parity check (LDPC) codes [1]. The influence diagram
representation, as a graphical tool for decision making, was
introduced in 1980s [4]. To the PI’s best knowledge, there has
not been any work applying a uniform graphical framework
in cognitive radio networks.

The main problems this paper addresses include
• How to build Bayesian networks for the spectrum occu-

pancies?
• How to use graphical tools to make decisions for spec-

trum sensing?
• How to use graphical tools to make decisions for channel

selection?
The possible application of the proposed graphical framework
is not confined to the spectrum sensing and channel selection
problems. It can also be applied in many inference and
decision problems like probabilistic routing and congestion
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control, which is beyond the scope of this paper. Note that
these decision problems may also be addressed using other
mathematical tools. The focus of this paper is to provide a
uniform framework that incorporates the spectrum situations
and decisions, thus facilitating the cross-layer design of cog-
nitive radio networks.

The remainder of this paper is organized as follows. The
Bayesian network for spectrum occupancies is proposed in
Section II. The statistical inference for spectrum sensing is
studied in Section III. Section IV will apply the influence
diagram for decision making in cognitive radio networks.
The numerical results are provided in Section V. The final
conclusions are drawn in Section VI.

II. BAYESIAN NETWORK MODELLING FOR SPECTRUM

In this section, we build a Bayesian network model for
the spectrum occupancies. We first introduce the model of
cognitive radio network, as well as the basics of Bayesian
network. Then, we propose a Bayesian network structure for
the spectrum occupancies. Finally, we study the parameter
training of the Bayesian network.

A. Network Model

We assume that there are N secondary users in the cognitive
radio network with M licensed channels. The whole network
is represented by a graph, in which each node means a
secondary user and an edge means that the corresponding two
secondary users can communicate with each other. The time
is divided into time slots. Each secondary user can sense /
access only channel in each time slot.

There exist primary users within the same area of the
cognitive radio network. The emergence of each primary user
is dynamic. The observations of secondary user n satisfy dis-
tribution f1n when primary user emerges in the corresponding
channel and distribution f0n otherwise. We assume that these
distributions are perfectly known to the secondary users. We
do not make further assumptions on the primary users unless
stated in the numerical simulations.

B. Bayesian Networks

A Bayesian network is a graph with directed edges, which
represents a joint probability distribution of a set of random
variables. In the graph, each node corresponds to a random
variable. The directed edge means that the node at the begin-
ning of the edge is a cause of the node at the edge end. Besides
the network structure, a Bayesian network also provides all
conditional probability distributions (CPDs). For a node A, its
conditional probability on all other nondescendant nodes is
equal to the conditional probability given its parent node set
P(A), i.e.

P (A|all other nodes) = P (A|P(A)). (1)

Or equivalently, node A is independent of all non-parent
nodes, given the values of nodes in P(A). The joint probability
is then factorized into marginal distributions and CPDs.

C. Modeling Spectrum Occupancies

Since the task of modeling the spectrum occupancies is
essentially to disclose the probabilistic relationships among
the spectrum occupancies in different times, different locations
and different frequencies, it is natural to choose the Bayesian
network as the model.

In each secondary user, a Bayesian network is built to model
each channel with the following structure:

• Nodes: The random variables / nodes in the Bayesian
network are the spectrum occupancies at the locations of
neighboring users, different times and different channels,
as well as the observations obtained from spectrum
sensing. Note that the observation nodes exist for only
the secondary user itself. For other secondary users, the
observations are unknown to the secondary user. Note
that the true values of spectrum occupancies are actu-
ally unknown. The only known values, called evidences,
are the observations. Therefore, there are two types of
nodes in the Bayesian network, namely state nodes and
observation nodes. If Q neighbors and T time slots are
considered, there are QMT nodes within the Bayesian
network.

• Edges: The nodes belonging to the same channel and
same user should be connected in the time order, i.e. the
edge should point from an previous node to a later node.
When the spectrum activities are Markovian, edges only
exist between consecutive nodes. Finally, an edge will be
connected to the node for the channel being modeled from
all other nodes in the current time slot. Fig. 1 shows an
example in which the spectrum activities are Markovian.
When the spectrum activity is not Markovian, the total
number of edges is given by NMT (T−1)

2 + NM − 1,
where T is the total number of time slots considered in
the Bayesian network.

An example of the Bayesian network for spectrum occupancy
is shown in Fig. 1, in which there are two users (A and B), two
channels (1 and 2) and three time slots. The spectrum activity
is also assumed to be Markovian. The observation nodes are
marked using small black circles.

D. Learning the Bayesian Network

Once the model structure is determined, the remaining task
is to estimate the parameters. For the ideal case, in which each
secondary user has all observations, we adopt the Bayesian
estimation by assuming that the CPD for an arbitrary node
A, P (A = 1|P(A) = x), satisfies the Beta distribution with
parameters α and β (both parameters are predetermined by
offline experiments). If there are N1 1’s and N0 0’s in node
A’s experience, given that the states of the parent nodes equal
a binary vector x, the estimation for P (A = 1|P(A) = x) is
given by

P (A = 1|P(A) = x) =
α+N1

α+ β +N1 +N0
. (2)

III. INFERENCE FOR SPECTRUM SENSING

In this section, we discuss the statistical inference over the
Bayesian network model for spectrum sensing. We first discuss
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how to obtain evidences for the Bayesian network. Then, we
use the evidences to compute the probability of spectrum
occupancy in the sensed channel.

A. Evidence

When a secondary user makes a decision in the spectrum
sensing, it must have evidences. In cognitive radio networks,
the evidences for spectrum sensing include

• Current local observation: the sensed information in the
current time slot, e.g. the sensed energy or the estimated
cyclostationary feature.

• Spectrum history: the spectrum occupancies in previous
time slots.

• Evidence from other secondary users: the information
exchanged among secondary users, which could be ob-
servations or beliefs.

Fig. 1 provides an example for the spectrum sensing for
channel 1 at secondary user A. The evidences include an
observation for channel 1 two time slots ago, an observation
for channel 2 in the previous time slot, a belief on channel 1
from secondary user B in the previous time slot, a belief on
channel 2 from secondary user B in the current time slot.

Since it may incur much overhead to exchange observations,
particularly when the observation is a high dimensional vector,
we assume that only the beliefs of spectrum occupancies are
exchanged among secondary users. When secondary user n
receives an observation x over channel m and is willing to
exchange information, it broadcasts the following a posterior
probability to all neighbors, which is given by

bnm = P (user n is interrupted by primary user|x)

=
f1n(x)

f0n(x) + f1n(x)
. (3)

Note that the exchanged beliefs proposed in this paper are
dependent on only local observations. It is possible to incor-
porate information from other neighbor users. For example,
when secondary user B sends its belief about channel 1 to its
neighbor A, it may incorporate the belief from another neigh-
bor C. Then, this belief exchange is repeated. This iterative
procedure is the well known Belief Propagation. However, the
iterative procedure may incur significant overhead in time. To
minimize the time needed for spectrum sensing, we focus on
the local observation based belief, which is actually the first
iteration of Belief Propagation.

If the Bayesian network is Markovian, an evidence with
another evidence in its sibling nodes is useless since its
information has been dominated by the evidence in the sibling
node. Therefore, we assume that each node with an evidence
does not have sibling nodes with evidences.

B. Statistical Inference

Once the evidences are obtained, the idle probability of the
desired channel can be computed using the Bayesian network.

1) General Case: For the general case when the Bayesian
network is not Markovian, many approaches for statistical
inference can be applied, e.g. variable elimination, belief
propagation and Monte Carlo sampling. The challenge of
these approaches is the computational cost. In this paper, we
consider only the special case of Bayesian networks with a
Markovian structure.

2) Markovian Case: When the Bayesian network is Marko-
vian, the procedure of inference can be significantly simplified.
The computations at different nodes can be categorized into
the following three types:

• Non-observation nodes without observation node child
(e.g. B1 at time slot t in Fig. 1): The idle probability can
be computed using inductions; for node Xt with parent
node Xt−1, the idleness probability is given by

P (Xt = 0|E)

=
∑

bt−1=0,1

P (Xt = 0|Xt−1 = bt−1)

× P (Xt−1 = bt−1|E), (4)

where E means the evidence in a ancestor node of Xt,
P (Xt = 0|Xt−1 = bt−1) is a parameter of the Bayesian
network while P (Xt−1 = bt−1|E) can be obtained from
the parent node of node Xt−1 or Xt−1 has an evidence.
This backward induction traces back to the node with an
evidence.

• Non-observation nodes with an observation node child,
but not the desired node (e.g. A2 at time slot t in Fig.
1): Consider a node Xt with a parent node Xt−1 and an
observation child xt. The conditional idleness probability
(conditioned on the observation x and the evidence in
Xt’s non-sibling nodes, denoted by Et) is given by

P (Xt = 1|x,Et)

=
P (x,Et|P (Xt = 1))P (Xt = 1)

P (x,Et)
. (5)

The numerator of (5) is given by

P (x,Et|Xt = 1)

= P (x|Xt = 1)P (Et|Xt = 1)

= f1(x)
∑

bt−1=0,1

P (Xt = 1|Xt−1 = bt−1)

× P (Xt−1 = bt−1|Et), (6)

where P (Xt = 1|Xt−1 = bt−1) is a parameter of the
Bayesian network and P (Xt−1 = bt−1|Et) is obtained
recursively. The denominator of (5) is given by

P (x,Et)

= P (x,Et|Xt = 1)P (Xt = 1)

+ P (x,Et|Xt = 0)P (Xt = 0), (7)

which can be computed in a similar way to (6). Note
that we applied the fact P (x,Et|Xt = 1) = P (x|Xt =
1)P (Et|Xt = 1), which comes from the conditional
independence between x and Et given Xt.

• Desired node (e.g. A1 at time slot t in Fig. 1: The
idleness probability of the desired node, X , is dependent
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on the idleness probabilities of its parent nodes, P(X),
as well as the observation x at its observation node. The
conditional probability is given by

P (X = 1|E, x)

=
∑
P(X)

P (X = 1,P(X)|E, x)

=
∑
P(X)

P (X = 1|P(X), x)P (P(X)|E)

=
∑
P(X)

P (P(X), x|X = 1)P (X = 1)

P (P(X), x)

× P (P(X)|E), (8)

where E is the evidence except x and the summation is
over all combinations of values assumed by the nodes
in P(X). Due to the conditional independence between
P(X) and x given X , the term P (P(X), x|X = 1) in the
numerator can be decomposed into P (P(X)|X = 1) and
P (x|X = 1) = f1(x). Then, what we need to compute
is P (P(X)|X = 1), which is given by

P (P(X)|X = 1) =
P (X = 1|P(X))P (P(X))

P (X = 1)
, (9)

where P (X = 1|P(X)) is a parameter in the Bayesian
network while P (P(X)) and P (X = 1) can also be
determined by the Bayesian network parameters. The
computation of the denominator in (8) follows the same
approach as that of the numerator since we have

P (P(X), x) = P (P(X), x|X = 1)P (X = 1)

+ P (P(X), x|X = 0)P (X = 0).(10)

IV. DECISION MAKING VIA INFLUENCE DIAGRAM

In this section, we discuss the decision making in upper
layers using a graphical tool, namely the influence diagram,
which integrate the graphical modeling of spectrum with the
QoS requirement. We first introduce the concept of influence
diagram and then discuss how to apply it in the problem of
channel selection in the MAC layers.

A. Influence Diagram

We plan to use the influence diagram [4] as the graphical
tool for the cross-layer reasoning. Essentially, an influence
diagram is a graph with directed edges. There are three types
of nodes, namely chance nodes (represented by oval shapes),
decision nodes (represented by rectangles), and utility nodes
(represented by diamond shapes). A chance node means a
random factor in the decision maker’s environment. A decision
node means a decision rule. A utility node is a function of
chance node(s) and decision node(s), which provides the utility
for the decision.

B. Channel Selection

The problem of channel selection is to choose a channel
to sense according to the requirement of packet QoS, as
well as the previous spectrum observations. The corresponding
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Fig. 2: The influence diagram for channel selection.
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influence diagram is shown in Fig. 2, in which the previous
observations, channel spectrum states in the next time slot
and QoS requirements are chance nodes, the channel selection
is the decision node and the utility is a function of the
decision and the channel spectrum states. For simplicity, only
two channels are shown in the figure. Note that the channel
states and the observations actually form a Bayesian network
similar to that in 1. The channel spectrum states in the next
time slot are unobservable to the secondary user since the
spectrum occupancy has not been realized before the channel
selection. Therefore, the decision is dependent on the previous
observations.

Note that the influence diagram in Fig. 2 is valid for general
cases of QoS requirement and spectrum occupancy dynamics.
In this paper, we consider a special example, in which the
utility of choosing channel n is given by

U(n) = (Cn + q)I(channel n is available), (11)

where q is a QoS indicator, Cn is the channel capacity of n and
I is the characteristic function of the corresponding event. We
assume that the capacity of each channel is known. Note that
when q is large, the channel selection will be more intended
for channels with larger availability probabilities (e.g. a delay-
sensitive packet with a low requirement of data rate); when q
is small, both the channel capacity and channel availability
will be considered for the decision (e.g. a packet with both
delay and rate requirements).

Once the structure of the influence diagram is determined
and the utility function is given, we can convert the influence
diagram into the decision tree shown in Fig. 3. In the decision
tree, the root is the decision on which channel to choose. Then,
it is connected to two child nodes which represent the true
states of the chosen channel. Each channel state node leads
to two possible utilities. For example, the utility is C1 + q if
channel 1 is chosen and it is idle. The probabilities of yielding
the corresponding utilities are computed using the Bayesian
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network model of spectrum occupancies and are labeled in
the decision tree. Since there is only one decision, there is
no need for backward induction. The optimal decision rule,
which maximizes the expected utility, is given by

n∗ = argmax
n

P (Xn = 1|E)(Cn + q), (12)

where P (Xn = 1|E) is the conditional probability that chan-
nel n is idle given evidence E, which will be computed using
the Bayesian network model. Note that the optimal decision
rule is straightforward and can be obtained without applying
the influence diagram. However, when there are more random
factors, more decisions and more probabilistic relationships,
the influence diagram will be very efficient.

V. NUMERICAL RESULTS

In this section, we use numerical simulations to demonstrate
the validity of the proposed graphical framework for cognitive
radio networks.

A. Configuration

We drop 100 secondary users and 200 primary users uni-
formly within a 5km×5km square. We assume that any two
secondary users within 200 meters are able to communicate
with each other. The path loss between two users with distance
d meters is given by (in dB scale)

L = 28.6 + 35 log10 d. (13)

We assume that all primary users use the same transmit power,
10dBmW or 20dBmW (around the transmit power of a typical
cellular phone). The default one is set to 10dBmW. The
threshold of spectrum sensing is set to -113dBmW, i.e. when
the true value of total received power is above this threshold,
the secondary user should claim the existence of primary user.
Using the path loss model in (13), it is easy to verify that the
threshold corresponds to an interruption distance around 1km
(500m) when the transmit power of primary user is 20dBmW
(10dBmW).

The activities of primary users are modeled as two-state
(busy and idle) Markov chains. For simplicity, we assume that
all primary users share the same state transition probabilities.
The transition probabilities from busy to busy and from idle
to idle are both set to 0.9.

We assume that there are totally 10 channels. Each primary
user fixes one channel to access. The channel selections of
different primary users are mutually independent. Therefore,
we do not consider the correlation in spectrum here. In each
time slot, each secondary user chooses one channel to sense.
Two neighboring secondary users exchange their observations
with probability 0.5 in each time slot.

B. Learning Procedure

For simplicity, we assume an ideal supervised learning
procedure for building the Bayesian network models. Note
that we set α = 1 and β = 1. In each time slot, a genie
informs all secondary users the spectrum occupancies over
all channels. Then, each secondary user uses (2) to estimate
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Fig. 4: The CDF curves of error rate for different transmit
powers of primary users

the CPD values. The nodes in the Bayesian network contain
the spectrum occupancies of the secondary user itself and
its neighboring secondary users in the current and previous
time slots. Unless stated otherwise, we use 5000 time slots to
train the Bayesian network. If each time slot lasts 10ms, then
the total training time for the Bayesian network model is 50
seconds.

C. Spectrum Sensing

We carry out the performance evaluation for spectrum
sensing. We assume that each secondary user chooses one
random channel to sense in each time slot.

1) Different Transmit Power of Primary Users: We first test
the performance for different transmit powers of primary users,
10dBmW and 20dBmW. Obviously, the larger the transmit
power is, the more secondary users will be impacted when a
primary user emerges. The CDF curves of spectrum error rate
are shown in Fig. 4, in which we tested the cases with Bayesian
network modeling (denoted by ‘BN’) and without modeling
(thus using the local and current observation, denoted by
‘SU’). We observe that, when the transmit power of primary
users is small, the CDF curve of error rate uniformly shifts
to the left, which means that the performance is improved.
However, when the transmit power is large, we can see the
Bayesian network model may cause performance degradation
sometimes. A possible explanation is that, with a larger
interruption range of primary users, the spectrum occupancies
become more complicated (e.g. a secondary user may be
covered by multiple primary users). The simple Bayesian
network model used in the simulation may not be able to
capture some correlations and thus cause some performance
degradation. Meanwhile, for most cases, the Bayesian network
model still brings performance gain for most cases.

Note that the uniform shift to the left in the CDF curve
figure does not imply the performance improvement for every
individual secondary user. Therefore, we plot the CDF curves
of error rate ratio (between the BN and SU cases) in Fig. 5. We
observe that about 20% of the error rate ratios are larger than
1, i.e. the performance degradation. Therefore, the graphical
modeling may incur some performance degradation for a small
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fraction of secondary users while bringing performance gains
for most users.

2) Different Training Times: The CDF curves of spectrum
sensing error rate for different training times are shown in
Fig. 6 (1000 time slots and 5000 time slots). We observe that
more training time (5000 time slots) incurs performance gain.
However, the gain is marginal. Therefore, it suffices to use
1000 time slots for training the Bayesian network model (if
each time slot takes 10ms, the training period takes only 10
seconds).

D. Channel Selection

In Fig. 7, we show the CDF curves of average utilities of
channel selection using the influence diagram approach and
random channel selection, respectively. We assume that the
capacities of the channels are uniformly distributed between
[0.5,1]. The constant q is set to 0.5. Other configurations
are the same as those in Fig. 4. We observe that, by using
the influence diagram, the expected utility is significantly
improved, for both primary user transmit powers of 10dBmW
and 20dBmW.

VI. CONCLUSIONS

We have applied a graphical framework in cognitive ra-
dio networks to model the spectrum correlations and solve
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Fig. 7: The CDF curves of utilities for channel selection

decision making problems. Bayesian networks have been
used to model the spectrum, in which the network edges
and CPDs represent the correlations of spectrum in time,
space and frequency. Influence diagrams have been applied
to solve the decision making problems like spectrum sensing
and channel selection. Numerical simulations have been used
to demonstrate the performance of the proposed graphical
framework, for the scenario of randomly deployed primary
users and secondary users. Simulation results have shown that
the graphical model can bring a significant performance gain.
However, when the spectrum activities are complex, e.g. many
primary users or large interruption range, the performance
may be degraded, which motivates the study on more suitable
structures of the graphical framework.
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