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Abstract—A novel approach based on robust principal compo-
nent analysis (PCA) is proposed in this paper to perform extended
target estimation with interference mitigation and learning.
Robust PCA can accurately recover the low rank matrix and the
sparse matrix from their summation. The data from the estimated
target constitutes the low rank matrix while the interference
signal contributes to the sparse matrix. From the preliminary
results, even with arbitrarily large interference signal, the impulse
response or the transfer function of the extended target can be
estimated. Thus, the proposed approach can be widely used for
anti-interference task in the radar society.

Index Terms—Anti-interference, extended target, estimation,
robust PCA, low rank matrix, sparse matrix

I. INTRODUCTION

Estimation of extended radar target is a fundamental func-
tion, but target estimation can be catastrophically impacted by
interference signals. Anti-interference is an essence in modern
electronic warfare (EW). There have been many existing anti-
interference techniques [1] [2] [3] and most of them are
based on two philosophies: (a) interference suppression and
(b) interference avoidance. Among those techniques are spread
spectrum and notch filtering. These popular methods are
effective at the cost of information impairment. A extremely
demanding research work is to remove the interference while
minimizing impairment on the original signal. Recently a
new theoretical framework called robust principal component
analysis (PCA) has been proposed for recovering corrupted
images [4]. This elegant theory can be extended to radar and
communication areas. In this paper we propose a robust PCA
based extended target estimation where a narrow-band interfer-
ence signal exists. Two conditions to validate such framework
are (1) the target signal can be represented in a low-rank
matrix and (2) the interference is sparse. Fortunately, these
conditions hold for many real world scenarios. Different from
the traditional anti-interference strategies, our scheme tries to
separate the signal and interference, instead of suppressing
or notching. Indeed, both the signal and interference can be
recovered, so the byproduct–the recovered interference–can
be viewed as a learning result for further anti-interference
process.

The rest of the paper is organized as follows. In Section II,
system model of extended target estimation with interference
from the interference signal is described. Section III will
review the main results derived from robust PCA [4]. Section

IV presents the robust PCA-based solution to address the issue
of target estimation with interference mitigation and learning.
Preliminary results are provided in Section V, followed by
some remarks given in Section VI.

II. SYSTEM MODEL

The system model under investigation in this paper consists
of one pair of radar illuminator and receiver, one extended
target and several frequency-hopping single-tone jammers. Our
goal is to estimate information about the extended target with
the capability of interference mitigation and learning.

The extended target can be represented by its impulse
response h (t) , t ∈ [0, Th] in the time domain or equivalently
its transform function hf (f) in the frequency domain. At the
illuminator, the probing signal is s (t) =

∑
i

p (t− iTs), where

p (t) , t ∈ [0, Tp] is the sounding waveform and Ts is the time
interval of the sounding waveform with Ts ≥ Th + Tp.

At the radar receiver, the received signal is,

r (t) = s (t)⊗ h (t) + n (t) + I (t) (1)

=
∑

i

p (t− iTs)⊗ h (t) + n (t) + I (t) (2)

=
∑

i

x (t− iTs) + n (t) + I (t) (3)

where
x (t) = p (t)⊗ h (t) (4)

and n (t) is additive white Gaussian noise (AWGN); I (t) is
the interference signal and ⊗ denotes convolution operator.

In order to estimate h (t) or hf (f) with I (t) mitigation and
learning, the modern signal processing scheme, called robust
PCA will be explored.

III. ROBUST PRINCIPAL COMPONENT ANALYSIS

In many practical problems, the collected data can be
organized as a matrix form. Usually, the size of the matrix is
huge, however, the degrees of freedom (DoF) of these matrix
are finite, which means the matrix is low rank.

A well-known low rank matrix approximation algorithm is
PCA [5]. If the observation matrix is R, PCA finds a low
rank approximation of the original matrix R by solving the
optimization model

min
X
‖R−X‖ , subject to rank(X) ≤ r (5)



in which ‖·‖ is the spectral norm of a matrix (the largest
singular value of the matrix). PCA finds the optimal low rank
approximation in l2 sense. This problem can be simply solved
by singular value decomposition (SVD). However, an intrinsic
drawback of PCA is that it can work efficiently when the low
rank matrix is corrupted with i.i.d. Gaussian noise. That is,
PCA is suitable for the model of

R = X + N (6)

in which X is the low rank matrix and N is the i.i.d. Gaussian
noise matrix. However, it will fail when some of the entries
in X are grossly corrupted,

R = X + I (7)

in which X is still the low rank matrix, but the matrix I is a
sparse matrix with arbitrarily large magnitude and the number
of non-zero entries is m.

The problem of recovering the low rank matrix from grossly
corrupted observation matrix is the special interest in this
paper. This kind of problem has been solved efficiently by
the relaxed convex optimization model (principal component
pursuit) [4]

min
X,I
‖X‖∗ + λ ‖I‖1 , subject to R = X + I, (8)

in which ‖·‖∗ represents the nuclear norm of a matrix that is
the sum of the singular values, ‖·‖1 denotes the sum of the
absolute values of matrix entries and λ is a tradeoff parameter.
It has been thoroughly investigated [4], [6] that as long as I
is sparse enough, the formulated optimization problem (8) can
exactly recover the low rank matrix X. This kind of problem
has been traditionally named as robust PCA [4], [6], [7] which
is closely related to but harder than the famous problem of
matrix completion [8]–[13]

One of the requirements for robust PCA is that low rank
matrix cannot be sparse at the same time. Then an incoherence
condition defined in [8], [9] with parameter µ is that the
singular vectors of X satisfy the following two assumptions
[4], [8], [9]

max
i

∥∥UHei

∥∥2 ≤ µr

M
, max

i

∥∥VHei

∥∥2 ≤ µr

L
(9)

and ∥∥∥UVH
∥∥∥
∞
≤
√

ur

ML
(10)

where ‖·‖∞ is the maximum absolute value of all the en-
tries in the matrix, H denotes conjugate transpose and ei

is the canonical basis vector in Euclidean space. The ma-
trices U = [u1,u2, · · · ,ur] and V = [v1,v2, · · · ,vr].
ui, i = 1, 2, · · · , r and vi, i = 1, 2, · · · , r are the left and
right singular vectors of SVD of X

X =
r∑

i=1

σiuivH
i , (11)

where σi, i = 1, 2, · · · , r are positive singular values and X is
a rank r matrix with size M × L. The incoherence condition

implies that entries in the singular vectors ui, i = 1, 2, · · · , r
and vi, i = 1, 2, · · · , r are spread out.

A theorem based on the above two assumptions (9) (10) is
proposed and strictly proved in [4] which we quote here,

Theorem 1: [4] Suppose X is a rectangular matrix with
size M × L, there is a numerical constant c such that prin-
cipal component pursuit with λ = 1/

√
M(1) succeeds with

probability at least 1− cM−10
(1) , provides that

rank(X) ≤ ρrM(2)µ
−1(logM(1))−2 (12)

m ≤ ρsML, (13)

the matrix X obeys (9) (10), and the support set of I is
uniformly distributed among all sets of cardinality m, in which
M(1) = max(M,L), M(2) = min(M,L), ρr and ρs are
positive numerical constants.

The theorem states that the low rank matrix X and sparse
matrix I (with arbitrarily large magnitude) can be exactly
recovered from the observation matrix R = X + I with very
large probability once the assumptions of the theorem are
satisfied, i.e., X̂ = X and Î = I are exact. The original low
rank and sparse matrices are expressed by X and I, meanwhile,
the recovered (extracted) low rank and sparse matrices are
expressed by X̂ and Î.

In the next simulation, the inexact augmented Lagrange
multiplier method (IALM) [14] will be explored to recover
the sparse component Î and the low rank component X̂ from
the observation matrix R. The parameters for IALM algorithm
are set identical with the default values of the code which can
be downloaded from the website [15]. In the following, the
real part and imaginary part will be dealt with separately for
a complex matrix. The errors between the recovered and the
original low rank matrix are computed by∥∥∥X̂−X

∥∥∥
F

‖X‖F
. (14)

IV. ROBUST PCA-BASED APPROACH

Assume the illuminator and the receiver are well synchro-
nized in the whole procedure of signal processing. Consider
the received data in the continuous time interval [0, LTs]. For
t ∈ [(l − 1)Ts, lTs] , l = 1, 2, . . . , L,

rl (t) = x (t− (l − 1)Ts) + nl (t) + Il (t) (15)

where rl (t) = r (t) , t ∈ [(l − 1)Ts, lTs], nl (t) = n (t) , t ∈
[(l − 1)Ts, lTs] and Il (t) = I (t) , t ∈ [(l − 1)Ts, lTs].

Correspondingly,

rl,f (f) = xf (f) + nl,f (f) + Il,f (f) (16)

where rl,f (f), xf (f), nl,f (f) and Il,f (f) are the Fourier
transforms of rl (t), x (t), nl (t) and Il (t) respectively. And,

xf (f) = pf (f)hf (f) (17)

Discretize and vectorize rl,f (f), xf (f), pf (f), hf (f),
nl (f), Il,f (f) to obtain rl,f ∈ CM×1, xf ∈ CM×1,



pf ∈ CM×1, hf ∈ CM×1, nl,f ∈ CM×1, il,f ∈ CM×1

respectively. M depends on sampling rate and Ts. Thus,

rl,f = xf + nl,f + il,f (18)

Extend rl,f to R ∈ CM×L by putting rl,f as the l-th column
of R,

R = [r1,f r2,f · · · rL,f ] (19)

Similarly,

X = [xf xf · · · xf ] (20)

N = [n1,f n2,f · · · nL,f ] (21)

I = [i1,f i2,f · · · iL,f ] (22)

Hence,

R = X + N + I (23)

Furthermore, the real parts and the imaginary parts of R,
X, N and I will be dealt with respectively,

R = Rre + jRim (24)

X = Xre + jXim (25)

N = Nre + jNim (26)

I = Ire + jIim (27)

and

Rre = Xre + Nre + Ire (28)

Rim = Xim + Nim + Iim (29)

From the formation of Xre and Xim, it is easily justified that
these two matrices are low rank matrices. Nre and Nim are
dense matrices with small values if signal to noise ratio (SNR)
is high. Because I (t) is the interference signal from several
frequency-hopping single-tone interferer and the interference
signal can be stronger than the radar signal, Ire and Iim

are sparse matrices with arbitrarily large values for non-zero
entries.

Robust PCA can be applied here to decompose the data
matrix into one low-rank matrix and one sparse matrix. Thus,
X̂re and Îre can be obtained from Rre. Similarly, X̂im and
Îim can be achieved from Rim.

From the obtained X̂re, X̂im and X̂ = X̂re + jX̂im, the
interference signal is mitigated and the impulse response of the
extended target can be estimated with high fidelity. Besides,
from Îre and Îim, the pattern or behavior of the frequency-
hopping single-tone interferer can be learned for the future
interference avoidance.
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Fig. 1. Original and recovered low rank matrix.
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Fig. 2. Original and recovered sparse matrix.

V. NUMERICAL RESULTS

In the simulation, normalized noise waveform p (t) is used
as the probing signal. AWGN is not considered in this paper.
M = 256. L = 300. Fig.1 and Fig. 2 show the recovered low
rank matrix X̂re and sparse matrix Îre compared with their
corresponding original matrices Xre and Ire. The sparsity rate
is the ratio of the nonzero entries over the total number of
entries in the sparse matrix. The sparsity rate is 0.2 in the Fig.1
and Fig. 2. The location of the non-zero entry is uniformly at
random. The magnitude of the non-zero entry is uniformly
distributed in [−1000, 1000]. The sparse matrix represents the
behavior of the interference signal. Therefore, the sparsity rate
represents the rate of the interference signal.

Fig. 3 shows the estimated error for transfer function of the
extended target. Fig. 4 shows the error between the original
(X) and recovered (X̂) low-rank matrices. The sparse rate
is increased from 0.01 to 0.39 with step size 0.02. The
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Fig. 3. Reconstructed error for transfer function of the extended target.
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Fig. 4. Error between the original and recovered low-rank matrices.

magnitudes of both the real and imaginary parts of the complex
sparse matrix are uniformly distributed in the corresponding
interval as shown in Fig. 3 and Fig. 4. The errors are the
corresponding averaged values of 50 experiments. The error
for the transfer function is defined as

∥∥∥ĥf − hf

∥∥∥
2

/
‖hf‖2.

The error between the original and recovered low-rank
matrices is estimated by (14). Estimated error is very small
with the interference from the interference signal. From Fig. 3,
it can be seen that even if the sparse rate is increased to 0.39
and the magnitudes of the non-zero entry for both real and
imaginary parts are uniformly distributed in [−2000, 2000],
estimated error for the transfer function is still as small as
1.8× 10−4. The simulation results illustrate that the proposed
approach can give the unexpected performance of radar esti-
mation with anti-interference capability.

VI. CONCLUSION

This paper deals with robust PCA based extended target
estimation with interference mitigation and learning. Robust
PCA is a novel approach to decompose the data matrix into
one low rank matrix and one sparse matrix. The data from
the estimated target constitutes the low rank matrix while
the interference signal contributes to the sparse matrix. From
the preliminary results, even with arbitrarily large interference
signal, the impulse response or the transfer function of the
extended target can be estimated. Meanwhile, the pattern of
the interference signal can be learned from the reconstructed
sparse matrix. Hence, the proposed approach can be widely
used to perform anti-interference either for radar or for com-
munication.
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