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Optimal Spectral Feature Detection for
Spectrum Sensing at Very Low SNR
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Abstract—Spectrum sensing is one of the enabling function-
alities for cognitive radio systems to operate in the spectrum
white space. To protect the primary incumbent users from
interference, the cognitive radio is required to detect incumbent
signals at very low signal-to-noise ratio (SNR). In this paper, we
study a spectrum sensing technique based on spectral correlation
for detection of television (TV) broadcasting signals. The basic
strategy is to correlate the periodogram of the received signal
with the a priori known spectral features of the primary signal.
We show that this sensing technique is asymptotically equivalent
to the likelihood ratio test (LRT) at very low SNR, but with less
computational complexity. That is, the spectral correlation-based
detector is asymptotically optimal according to the Neyman-
Pearson criterion. From the system design perspective, we
analyze the effect of the spectral features on the spectrum
sensing performance. Through the optimization analysis, we
obtain useful insights on how to choose effective spectral features
to achieve reliable sensing. Simulation results show that the
proposed sensing technique can reliably detect analog and digital
TV signals at SNR levels as low as −20 dB.

Index Terms—Spectrum sensing, hypothesis testing, feature
detection, optimization, cognitive radio.

I. INTRODUCTION

DUE to the increasing proliferation of wireless devices and
services, the traditional static spectrum allocation policy

becomes inefficient. The Federal Communications Commis-
sion (FCC) has recently opened the TV bands for cognitive
radio devices [2], which can continuously sense the spectral
environment, dynamically identify unused spectral segments,
and then operate in these white spaces without causing harmful
interference to the incumbent communication services [3]. The
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IEEE 802.22 Wireless Regional Area Network (WRAN) work-
ing group is developing a cognitive radio-based air interface
standard for unlicensed operation in the unused TV bands [4].

Spectrum sensing to detect the presence of primary signals
is one of the most important functionalities of CRs [5]. To
avoid causing harmful interference to the incumbent users,
FCC requires that unlicensed CR devices operating in the un-
used TV bands detect TV and wireless microphone signals at
a power level of −114 dBm [2]. For a noise floor around −96
dBm in the receiver circuitry with respect to 6 MHz bandwidth
and a 10 dB noise figure, spectrum sensing algorithms need
to reliably detect incumbent TV signals at a very low SNR at
least −18 dB. This requirement poses new challenges to the
design of CR systems since traditional detection techniques
such as energy detection and matched filtering are no longer
applicable at the very low SNR [4].

In general, there are three signal detection approaches for
spectrum sensing: energy detection, matched filtering (coher-
ent detection), and feature detection. If only the local noise
power is known, the energy detector is the optimal [6][7].
If a deterministic pattern (e.g., pilot, preamble, or training
sequence) of primary signals is known, then the optimal detec-
tor usually applies a matched filtering structure to maximize
the probability of detection. Depending on the available a
priori information about the primary signal, one may choose
one of the above approaches for spectrum sensing in CR
networks. However, energy detection and matched filtering
approaches are not applicable to detecting weak signals at
very low SNR. In the very low SNR regime, the energy
detector suffers from noise uncertainty and the matched filter
experiences the problem of lost synchronization. To improve
sensing reliability, most previous studies have focused on the
development of cooperative sensing schemes among multiple
CRs [8][9][10]. An alternative approach is to use feature
detection provided that some information is a priori known.
Cyclostationary detection exploiting the periodicity in the
modulated schemes [11] is such an example but requires
high computational complexity. A survey of various spectrum
sensing techniques can be found in [12] and the references
therein.

In this paper, we study a feature detection-based spectrum
sensing technique, which enables a single CR to meet the
FCC sensing requirement. The basic strategy is to correlate the
periodogram of the received signal with the selected spectral
features of a particular transmission scheme, for instance, the
national television system committee (NTSC) scheme [13] or
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the advanced television standard committee (ATSC) scheme
[14], and then to examine the correlation for decision making.
The resulting spectral feature detector (SFD) belongs to the
class of feature detection, which exploits the unique spectral
pattern of a specific signal to detect its presence. The detectors
also based on this strategy are the periodogram detector
[6] and the optimal radio-meter [15]. These detectors are
technically different from the cyclostationary feature detector,
which makes use of the inherent periodicity in the mean
and autocorrelation of a specific modulation pulse function
[11][16][17][18]. Compared with the cyclostationary detector,
the proposed detector has less computational complexity and
its decision threshold and performance are more mathemati-
cally tractable.

The contribution of this paper is multi-fold with a focus
on how to design an effective and functional spectral fea-
ture detector for spectrum sensing at very low SNR. First,
we show for some signal models that the spectral feature
correlation-based detector is asymptotically equivalent to the
likelihood ratio test (LRT) in time domain at very low SNR
by exploiting the asymptotical properties of Toeplitz matrices1.
Furthermore, we analyze how the spectral features affect the
sensing performance by formulating the sensing problem into
an optimization problem, in which we obtain useful insights on
how to choose or design effective spectral features to achieve
reliable sensing. To numerically estimate the decision thresh-
old, we present a moment method to approximate the spectral
feature detector using a chi-squared distribution. Extensive
simulation results show that the proposed sensing technique
can reliably detect TV signals from additive white Gaussian
noise (AWGN) at SNR levels as low as −20 dB.

The paper is organized as follows. In Section II, we in-
troduce the spectral correlation-based spectrum sensing tech-
nique. In Section III, we show that this sensing technique is
asymptotically equivalent to the LRT detector at very low
SNR. The optimality of the spectral features for spectrum
sensing is analyzed in Section IV. In Section V, we present a
moment method to numerically estimate the decision thresh-
old. The computational complexity of the proposed detector
is analyzed and compared with those of other detectors in
Section VI. Section VII presents the simulation results that
illustrate the effectiveness of the proposed sensing technique.
The paper is concluded in Section VIII.

II. SPECTRAL CORRELATION BASED SPECTRUM SENSING

Before presenting the spectrum sensing technique, we first
briefly review the analog and digital TV transmission schemes.

A. TV Signal Characteristics

A typical TV channel occupies a total bandwidth of 6 MHz
and its power spectrum density (PSD) describes how the signal
power is distributed in the frequency domain. Fig. 1 (a) and
(b) illustrate the PSD functions of both NTSC and ATSC
signals. NTSC is the standardized analog video system used
in North America and most of South America. The power

1The asymptotical properties of Toeplitz matrices have been used widely
in information theory. For a current survey see the discussion and references
in [19].
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(a) The measured NTSC channel spectrum on UHF Channel 51 in San
Diego, CA.
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(b) The measured ATSC channel spectrum on UHF Channel 19 in San
Diego, CA.

Fig. 1. The estimated power spectra over NTSC and ATSC channels.

spectrum of an NTSC signal consists of three peaks across
the 6 MHz channel, which correspond to the video, color,
and audio carriers, respectively. On the other hand, ATSC is
designed for the digital television (DTV) transmission, and
it delivers a Moving Picture Experts Group (MPEG)-2 video
stream of up to 19.39 Mbps. The ATSC spectrum is relatively
flat but has a pilot located at 310 KHz above the lower edge
of the channel.

Observe that both NTSC and ATSC signals have distinct
spectral features, which are almost constant during transmis-
sions. This observation motivates us to design a spectrum
sensing technique for TV signals by exploiting these a priori
known spectral features.

B. Signal Model

The spectrum sensing problem can be modeled into a binary
hypothesis test at the 𝑙-th time instant as follows

ℋ0 : 𝑦(𝑙) = 𝑣(𝑙)
ℋ1 : 𝑦(𝑙) = 𝑥(𝑙) + 𝑣(𝑙), 𝑙 = 0, 1, 2, . . . ,

(1)
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where ℋ0 stands for the absence of the primary signal 𝑥(𝑙),
i.e., the received signal 𝑦(𝑙) contains only additive white Gaus-
sian noise (AWGN), 𝑣(𝑙) ∼ 𝒞𝒩 (0, 𝜎2𝑣), and ℋ1 represents the
presence of a primary signal in the band, i.e., 𝑦(𝑙) consists
of the primary signal 𝑥(𝑙) corrupted by noise 𝑣(𝑙). Here we
assume that the signal and noise are independent of each other.

Assuming that the primary signal 𝑥(𝑙) is a second-order
stationary (also termed as “covariance stationary”) random
process, we can express the autocorrelation function of the
received signal as

𝑟𝑦𝑦(𝑚) = 𝔼 [𝑦(𝑙)𝑦∗(𝑙 −𝑚)] (2)

where 𝔼(⋅) denotes taking the expectation, and “∗” denotes
the complex conjugate. Hence, the autocorrelation functions
of the received signal for the two hypotheses are given by:

ℋ0 : 𝑟𝑦𝑦(𝑚) = 𝜎2𝑣𝛿(𝑚)
ℋ1 : 𝑟𝑦𝑦(𝑚) = 𝑟𝑥𝑥(𝑚) + 𝜎2𝑣𝛿(𝑚)

(3)

where
𝑟𝑥𝑥(𝑚) = 𝔼 [𝑥(𝑙)𝑥∗(𝑙 −𝑚)]

and 𝛿(⋅) is the Dirac delta sequence.
We assume that the auto-correlation sequence {𝑟𝑥𝑥(𝑚)} is

absolutely summable, i.e.,

+∞∑
𝑚=−∞

∣𝑟𝑥𝑥(𝑚)∣ <∞ (4)

which also implies that {𝑟𝑥𝑥(𝑚)} is a square-summable (finite
energy) sequence since

+∞∑
𝑚=−∞

∣𝑟𝑥𝑥(𝑚)∣2 <
(

+∞∑
𝑚=−∞

∣𝑟𝑥𝑥(𝑚)∣
)2

<∞. (5)

The absolute summability on the sequence {𝑟𝑥𝑥(𝑚)} ensures
that the discrete-time Fourier transform (DTFT) of 𝑟𝑥𝑥(𝑚)
converges uniformly for all 𝜔. Let

𝑆𝑋(𝜔) =

+∞∑
𝑚=−∞

𝑟𝑥𝑥(𝑚)𝑒−𝑗𝑚𝜔, 0 ≤ 𝜔 < 2𝜋 (6)

denote this DTFT, which is also called the power spectrum
density (PSD) function of 𝑥(𝑙). Accordingly, the PSD of the
received signal 𝑆𝑌 (𝜔) for the two hypotheses can be written
as:

ℋ0 : 𝑆𝑌 (𝜔) = 𝜎2𝑣
ℋ1 : 𝑆𝑌 (𝜔) = 𝑆𝑋(𝜔) + 𝜎2𝑣, 0 ≤ 𝜔 < 2𝜋.

(7)

Our objective is to distinguish between ℋ0 and ℋ1 by
exploiting the unique spectral signature exhibited in 𝑆𝑋(𝜔)
as is illustrated in Fig. 1.

C. Sensing Strategy

Suppose 𝑆𝑋(𝜔), the PSD of the transmitted primary TV
signal, is known a priori at the receiver of a cognitive radio.
To detect the presence of a TV (NTSC or ATSC) signal, we
propose to use the following spectral correlation test [6]:

𝑇 =

∫ 2𝜋

0

𝑆𝑌 (𝜔)𝑆𝑋(𝜔)𝑑𝜔
ℋ1

⋛
ℋ0

𝑡 (8)

where 𝑡 is some decision threshold. Namely, if the spectral
correlation between 𝑆𝑋(𝜔) and 𝑆𝑌 (𝜔) is greater than the
threshold then we would decide ℋ1, i.e., presence of the signal
of interest; otherwise, we would decide ℋ0, i.e., absence of the
primary signal 𝑥(𝑙). The decay rate of the error probabilities
of such a detector and the extension to detection of a vector
process are studied in [20].

In practice, the PSD can be easily estimated using the peri-
odogram2, calculated by an 𝑛-point discrete Fourier transform
(DFT), i.e.,

𝑆
(𝑛)
𝑌 (𝑘) =

𝑛−1∑
𝑚=0

𝑟𝑦𝑦(𝑚)𝑒−𝑗2𝜋𝑚𝑘/𝑛 ≃ 𝑆𝑌

(
𝜔 =

2𝜋𝑘

𝑛

)
(9)

where 𝑘 = 0, 1, . . . , 𝑛− 1. Then, (8) is replaced by

𝑇𝑛 =
1

𝑛

𝑛−1∑
𝑘=0

𝑆
(𝑛)
𝑌 (𝑘)𝑆

(𝑛)
𝑋 (𝑘)

ℋ1

⋛
ℋ0

𝑡𝑛 (10)

where 𝑡𝑛 is a decision threshold.

III. ASYMPTOTICAL OPTIMALITY

In this section, we show that the spectral feature detec-
tor (10) is asymptotically optimal at very low SNR in the
Neyman-Pearson sense. The asymptotic optimality is in the
sense that the detector 𝑇𝑛 asymptotically approaches the LRT
detector at low SNR for a large number of samples.

A. LRT at Very Low SNR

Considering a sensing interval of 𝑛 samples. We can repre-
sent the received signal and the primary transmitted signal in
vector form as follows:

y = [𝑦(0), 𝑦(1), . . . , 𝑦(𝑛− 1)]𝑇

and
x = [𝑥(0), 𝑥(1), . . . , 𝑥(𝑛− 1)]

𝑇
.

Since TV signals are generally perturbed by propagation along
multiple paths, it is a reasonable approximation to model
them as being second-order stationary zero-mean Gaussian
stochastic processes, i.e.,

x ∼ 𝒞𝒩 (0,Σ𝑛) (11)

where
Σ𝑛 = 𝔼 (xx∗) (12)

is the covariance matrix. Consequently, (1) is equivalent to
the following hypothesis testing problem in the 𝑛-dimensional
complex space 𝒞𝑛:

ℋ0 : y ∼ 𝒞𝒩 (
0, 𝜎2𝑣I𝑛

)
ℋ1 : y ∼ 𝒞𝒩 (

0,Σ𝑛 + 𝜎2𝑣I𝑛
) (13)

2Periodogram is widely used in practical communications systems and
is used as an exemplary method for spectral estimation in this paper.
Other advanced spectral estimation techniques, such as Welch’s method, the
maximum entropy method[21], and multi-taper [12][22], to minimize the
variance and/or remove the bias are also applicable.



204 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 59, NO. 1, JANUARY 2011

where I𝑛 is the identity matrix. The logarithm of the likelihood
ratio is given by [6]:

log𝐿(y) = 𝑛 log 𝜎𝑣 − log det
(
Σ𝑛 + 𝜎2𝑣I𝑛

)
− y∗

[(
Σ𝑛 + 𝜎2𝑣I𝑛

)−1 − 𝜎−2
𝑣 I𝑛

]
y.

(14)

Incorporating the constant terms into the threshold, we obtain
the logarithmic LRT detector in quadratic form as

𝑇LRT = y∗
[
𝜎−2
𝑣 I𝑛 − (

𝜎2𝑣I𝑛 +Σ𝑛

)−1
]
y

ℋ1

⋛
ℋ0

𝑡LRT (15)

which is the optimal detection scheme according to the
Neyman-Pearson criterion. Invoking the matrix inversion
lemma3, we obtain

𝑇LRT = y∗
[
𝜎−2
𝑣

(
𝜎2𝑣I𝑛 +Σ𝑛

)−1
]
y

ℋ1

⋛
ℋ0

𝑡LRT. (16)

Under the condition of very low SNR, we have from the
Taylor series expansion(

𝜎2𝑣I𝑛 +Σ𝑛

)−1
=
(
I𝑛 + 𝜎−2

𝑣 Σ𝑛

)−1
𝜎−2
𝑣

=
(
I𝑛 − 𝜎−2

𝑣 Σ𝑛 + 𝜎−4
𝑣 Σ2

𝑛 − ⋅ ⋅ ⋅ )𝜎−2
𝑣

(17)

as the convergence of the series is obtained if the eigenvalues
of 𝜎−2

𝑣 Σ𝑛 are less than unity. This condition always holds
in the low SNR regime where 𝜎2𝑣 is sufficiently large. For
weak signal detection in the very low SNR regime where the
eigenvalues of 𝜎−2

𝑣 Σ𝑛 are much less than one, (17) can be
approximated as(

𝜎2𝑣I𝑛 +Σ𝑛

)−1
= 𝜎−2

𝑣 I𝑛 − 𝜎−4
𝑣 Σ𝑛 + 𝜎−6

𝑣 Σ2
𝑛 − ⋅ ⋅ ⋅

≃ 𝜎−2
𝑣 I𝑛 − 𝜎−4

𝑣 Σ𝑛. (18)

Plugging (18) into (15), we obtain

𝑇LRT = y∗
[
𝜎−2
𝑣 I𝑛 − (

𝜎2𝑣I𝑛 +Σ𝑛

)−1
]
y ≃ 𝜎−4

𝑣 y∗Σ𝑛y

Hence, the optimal LRT detector at very low SNR has a
quadratic form as

𝑇LRT,𝑛 ≃ 1

𝑛
y∗Σ𝑛y

ℋ1

⋛
ℋ0

𝑡LRT,𝑛 (19)

where 𝑡LRT,𝑛 = 𝜎4𝑣𝑡LRT/𝑛.

B. Asymptotic Properties of the Covariance Matrix

Before establishing the asymptotical optimality of the pro-
posed sensing algorithm, we need to use the following two
definitions to study the asymptotic properties of Σ𝑛.

Definition 1: The strong norm of a matrix 𝐴 is defined by
[19]:

∥𝐴∥𝑠 =

(
max

z

z∗𝐴∗𝐴z
z∗z

)1/2

(20)

which is also the maximum singular value [23]. □
3(A +BCD)−1 = A−1 −A−1B(DA−1B+C−1)−1DA−1

Definition 2: The weak norm (or Hilbert-Schmidt norm) of
an 𝑛× 𝑛 matrix 𝐴 = [𝑎𝑖,𝑗 ] is defined by [19]:

∥𝐴∥𝑤 =

⎛
⎝ 1

𝑛

𝑛−1∑
𝑖=0

𝑛−1∑
𝑗=0

∣𝑎𝑖,𝑗 ∣2
⎞
⎠

1/2

=

[
1

𝑛
Tr (𝐴∗𝐴)

]1/2

=

(
1

𝑛

𝑛−1∑
𝑘=0

𝜆𝑘

)1/2

(21)

where {𝜆𝑘 ≥ 0} are the eigenvalues of the Hermitian nonneg-
ative definite matrix 𝐴∗𝐴. The weak norm ∥𝐴∥𝑤 so defined
is related to the Frobenius norm ∥𝐴∥𝐹 [23] by

∥𝐴∥𝑤 =
1√
𝑛
∥𝐴∥𝐹 . (22)

□
The Hilbert-Schmidt norm is the “weaker” of the two norms

since

∥𝐴∥2𝑠 = max
𝑘
𝜆𝑘 ≥ 1

𝑛

𝑛−1∑
𝑘=0

𝜆𝑘 = ∥𝐴∥2𝑤. (23)

Definition 3: Two sequences of 𝑛 × 𝑛 matrices {𝐴𝑛} and
{𝐵𝑛} are said to be asymptotically equivalent if

1) 𝐴𝑛 and 𝐵𝑛 are uniformly bounded in strong (and hence
in weak) norm:

∥𝐴𝑛∥𝑠 <∞ and ∥𝐵𝑛∥𝑠 <∞, 𝑛 = 1, 2, 3, . . . (24)

and
2) 𝐴𝑛 −𝐵𝑛 = 𝐷𝑛 goes to zero in weak norm as 𝑛→ ∞:

lim
𝑛→∞ ∥𝐴𝑛 −𝐵𝑛∥𝑤 = lim

𝑛→∞ ∥𝐷𝑛∥𝑤 = 0. (25)

□
For simplicity of notation, we shall denote 𝑟𝑥𝑥(𝑚) by 𝑟𝑚 in

the rest of the paper, thus removing the subscript 𝑥. Since the
infinite sequence {𝑟𝑚} is absolutely summable as assumed in
(4), for arbitrarily small 𝜀 > 0 there always exists a positive
integer 𝑁 such that

∣𝑟𝑚∣ ≤ 𝜀, ∀ ∣𝑚∣ > 𝑁. (26)

Hence, the covariance matrix Σ𝑛 can be approximated by an
𝑛×𝑛 banded Toeplitz matrix defined in (27) for large 𝑛 [19].
The order of the banded Toeplitz matrix in (27) is 𝑁 + 1.
Since we are interested in Σ𝑛 for large 𝑛, we choose 𝑛≫ 𝑁 .

As is seen from (27), Σ𝑛 looks like a circular matrix except
for the upper right and lower left corners. We can transform a
banded Toeplitz matrix into a circular matrix by filling in the
upper right and lower left corners with appropriate entries, as
illustrated in (30).

The circular matrix 𝐶𝑛 in (30) consists of cyclic shifts of
the vector [𝑐0, 𝑐1, . . . , 𝑐𝑛−1] where

𝑐𝑘 =

⎧⎨
⎩
𝑟𝑘, 𝑘 = 0, 1, ⋅ ⋅ ⋅ , 𝑁
𝑟𝑘−𝑛, 𝑘 = 𝑛−𝑁, ⋅ ⋅ ⋅ , 𝑛− 1
0, otherwise.

(28)
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Σ𝑛 ≈

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑟0 𝑟1 ⋅ ⋅ ⋅ 𝑟𝑁
𝑟−1 𝑟0 0
...

𝑟−𝑁
. . .

. . .
. . .

𝑟−𝑁 ⋅ ⋅ ⋅ 𝑟−1 𝑟0 𝑟1 ⋅ ⋅ ⋅ 𝑟𝑁
. . .

. . .
. . . 𝑟𝑁

...
0 𝑟0 𝑟1

𝑟−𝑁 ⋅ ⋅ ⋅ 𝑟−1 𝑟0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(27)

Thus, (30) can be written as

𝐶𝑛 =

⎡
⎢⎢⎢⎣

𝑐0 𝑐1 ⋅ ⋅ ⋅ 𝑐𝑛−1

𝑐𝑛−1 𝑐0 ⋅ ⋅ ⋅ 𝑐𝑛−2

...
. . .

...
𝑐1 𝑐2 ⋅ ⋅ ⋅ 𝑐𝑛−1 𝑐0

⎤
⎥⎥⎥⎦ . (29)

It is known that the circular matrix 𝐶𝑛 constructed in this
manner is asymptotically equivalent to Σ𝑛, i.e., 𝐶𝑛 ∼ Σ𝑛, in
the following sense [19].

Lemma 1: The matrices Σ𝑛 and 𝐶𝑛 defined in (27) and
(30) are asymptotically equivalent [19], i.e.,

lim
𝑛→∞ ∥Σ𝑛 − 𝐶𝑛∥𝑤 = 0. (31)

We can now immediately obtain the following result:
Lemma 2: For the two asymptotically equivalent matrices

Σ𝑛 and 𝐶𝑛 defined in (27) and (30), i.e., we have

lim
𝑛→∞

1

𝑛
z∗ (Σ𝑛 − 𝐶𝑛) z = 0 (32)

for any vector z with finite elements.
Proof:

lim
𝑛→∞

1

𝑛
z∗ (Σ𝑛 − 𝐶𝑛) z

= lim
𝑛→∞

1

𝑛

𝑁∑
𝑙=1

𝑁∑
𝑘=𝑙

(
𝑧𝑙𝑧

∗
𝑛−𝑘𝑟𝑘 + 𝑧𝑛−𝑙𝑧

∗
𝑘−𝑙+1𝑟−𝑘

)
= 0.

The above lemma is almost trivial since the matrix Σ𝑛−𝐶𝑛

has 𝑁(𝑁 + 1) non-zero entries and the term 1/𝑛 drives the
limit to zero for 𝑛≫ 𝑁 .

C. Asymptotically Equivalent Detectors

We now show that the proposed spectral correlation-based
detector (10) is asymptotically equivalent to the LRT detector
(19) in the very low SNR regime. Namely, the two sequences
of detectors

𝑇LRT,𝑛 =
1

𝑛
y𝑇Σ𝑛y

ℋ1

⋛
ℋ0

𝑡LRT,𝑛, 𝑛 = 1, 2, 3, . . . (33)

and

𝑇𝑛 =
1

𝑛

𝑛−1∑
𝑘=0

𝑆
(𝑛)
𝑋 (𝑘)𝑆

(𝑛)
𝑌 (𝑘), 𝑛 = 1, 2, 3, . . . (34)

converge to each other when 𝑛 goes to infinity.
Theorem 1: As the SNR goes to minus infinity, the se-

quence of spectral correlation detectors {𝑇𝑛} defined by (34)
is asymptotically equivalent to the sequence of optimal LRT
detectors {𝑇LRT,𝑛} defined by (33), i.e.,

lim
𝑛→∞ ∣𝑇LRT,𝑛 − 𝑇𝑛∣ = 0. (35)

Proof: Please refer to Appendix A.

Theorem 1 tells that as the number of samples becomes
large, the proposed spectral feature correlation detector (10)
converges to the LRT detector (19) at very low SNR. Accord-
ingly, the spectral correlation detector (10) is asymptotically
optimal according to the Neyman-Pearson criterion at very low
SNR and with a large number of samples.

IV. SPECTRAL FEATURE SELECTION

The equivalence result (35) is general enough and is not
limited to the TV signals. We now study the effect of the
spectral features of 𝑥(𝑙) on the detection performance. Al-
though the sensing algorithm cannot control or change the
spectral features of transmitted signals since these features
are completely determined by the incumbent transmitter, we
can obtain through analysis important insights to identify the
best features for signal detection. These insights are useful for
system engineers to design robust signals that can be reliably
detected at very low SNR.

We first consider the case where there is no primary signal
in the band of interest. Under hypothesis ℋ0, we have

𝔼(𝑇𝑛,0) =
1

𝑛
𝜎2𝑣

𝑛−1∑
𝑘=0

𝑆𝑋(𝑘) = 𝜎2𝑣𝑃𝑥 (36)

where

𝑃𝑥 =
1

𝑛

𝑛−1∑
𝑘=0

𝑆𝑋(𝑘) (37)
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𝐶𝑛 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑟0 𝑟1 ⋅ ⋅ ⋅ 𝑟𝑁 𝑟−𝑁 . . . 𝑟−1

𝑟−1 𝑟0
. . .

...
𝑟−𝑁

... 0
. . .

. . .
𝑟−𝑁

. . .
𝑟−𝑁 ⋅ ⋅ ⋅ 𝑟−1 𝑟0 𝑟1 ⋅ ⋅ ⋅ 𝑟𝑁

. . .
. . .

. . . 𝑟𝑁
0

𝑟𝑁
...

...
. . . 𝑟0 𝑟1

𝑟1 . . . 𝑟𝑁 𝑟−𝑁 ⋅ ⋅ ⋅ 𝑟−1 𝑟0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(30)

SX(0)SX(0)

SX(1)SX(1)
SX(0) + SX(1) = 2PxSX(0) + SX(1) = 2Px

S2X(0) + S
2
X(1)S2X(0) + S
2
X(1)

Fig. 2. A geometric illustration of the non-convex optimization problem
formulated in (40).

is the average power transmitted across the entire bandwidth.
On the other hand, we have

𝔼(𝑇𝑛,1) =
1

𝑛

𝑛−1∑
𝑘=0

𝑆𝑌 (𝑘)𝑆𝑋(𝑘)

= 𝜎2𝑣𝑃𝑥 +
1

𝑛

𝑛−1∑
𝑘=0

𝑆2
𝑋(𝑘) (38)

under hypothesis ℋ1. When 𝑛 → ∞, both variances of 𝑇𝑛,0
and 𝑇𝑛,1 go to zero.

It is obvious that the difference between 𝔼(𝑇𝑛,0) and
𝔼(𝑇𝑛,1) determines the detection performance. Suppose that
we can control the spectral mask {𝑆𝑋(𝑘)} of the transmitted
signal. We would then like to maximize the difference between
𝔼(𝑇𝑛,0) and 𝔼(𝑇𝑛,1), i.e.,

maximize 𝔼(𝑇𝑛,1) − 𝔼(𝑇𝑛,0)

s.t.
1

𝑛

𝑛−1∑
𝑘=0

𝑆𝑋(𝑘) = 𝑃𝑥

𝑆𝑋(𝑘) ≥ 0, 𝑘 = 0, 1, . . . , 𝑛− 1 (39)

with the optimization variables {𝑆𝑋(𝑘)}𝑛−1
𝑘=0 . This problem is

equivalent to

maximize
𝑛−1∑
𝑘=0

𝑆2
𝑋(𝑘)

s.t.

𝑛−1∑
𝑘=0

𝑆𝑋(𝑘) = 𝑛𝑃𝑥

𝑆𝑋(𝑘) ≥ 0, 𝑘 = 0, 1, . . . , 𝑛− 1 (40)

which maximizes a convex function over a hyperplane.
To solve (40), we first look at its geometrical representation,

as illustrated in Fig. 2 in the two-dimensional case (𝑛 = 2). It
is easy to see that optimal solutions fall into the intersection of
the convex surface of the objective function and the hyperplane
determined by the constraints. Thus, the optimal solutions are
given by{

𝑆𝑋(𝑗) = 𝑛𝑃𝑥, 𝑗 ∈ {0, 1, . . . , 𝑛− 1}
𝑆𝑋(𝑘) = 0, 0 ≤ 𝑘 ≤ 𝑛− 1, and 𝑘 ∕= 𝑗

(41)

which implies that all the transmit power is concentrated in
one frequency bin. Accordingly, the optimal value of (40) is

𝔼(𝑇𝑛,1)− 𝔼(𝑇𝑛,0) = 𝑛2𝑃 2
𝑥 . (42)

As also seen from Fig. 2, the worst case occurs, that is,
𝔼(𝑇𝑛,1) − 𝔼(𝑇𝑛,0) is minimized, when

𝑆𝑋(𝑘) = 𝑃𝑥, 𝑘 = 0, 1, . . . , 𝑛− 1. (43)

In this extreme case, 𝔼(𝑇𝑛,1) − 𝔼(𝑇𝑛,0) = 𝑛𝑃 2
𝑥 and the

spectral mask function, 𝑆𝑋(𝑘), is flat across the spectrum.
A representative example of such a spectral feature is the
white noise-like signal. This result is consistent with our
interpretation since it is generally difficult to distinguish a
white Gaussian signal from additive white Gaussian noise.
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The optimal detector for such a case is the energy detector
[6][7] provided that the noise power is perfectly known.

V. THRESHOLD ESTIMATION

In this section, we introduce a method to estimate the
decision threshold in (10) for a given probability of false
alarm 𝑃𝑓 . The threshold in turn determines the probability
of missed detection 𝑃𝑚. These two probabilities have unique
implications for the performance of cognitive radio systems:
the probability of false alarm relates to the spectral utilization
and the probability of missed detection relates to the interfer-
ence to primary communication systems [9]. Here we assume
that the primary signal is absent in the band of interest (i.e.,
ℋ0 is true) and the received signal contains only noise.

A. Probability Distribution of Periodograms

In practice, the spectral density of a signal is usually
estimated using the method of averaged periodograms [21].
The idea behind is to divide the set of 𝑛 samples into 𝑀
blocks of 𝐿 samples (𝑛 = 𝑀𝐿), compute the 𝐿-point DFT
of each block, square it to get the power spectral density, and
compute the average of all of them. The average leads to a
decrease in the standard deviation as 1/

√
𝑀 .

Hence, the spectral density of the received signal can be
estimated as

𝑆𝑌 (𝑘) =
1

𝑀

𝑀−1∑
𝑚=0

∣𝑉 (𝑚, 𝑘)∣2 , 𝑘 = 0, 1, . . . , 𝐿− 1 (44)

where

𝑉 (𝑚, 𝑘) =
1√
𝐿

𝐿−1∑
𝑙=0

𝑣(𝑚𝐿+ 𝑙)𝑒−𝑗2𝜋𝑘𝑙/𝐿 (45)

is the unitary DFT transform of the 𝑚-th block of received
noise samples. Since DFT is a linear operation, it can be
easily shown that 𝑉 (𝑚, 𝑘) is also a complex Gaussian random
variable, i.e., 𝑉 (𝑚, 𝑘) ∼ 𝒞𝒩 (0, 𝜎2𝑣). Therefore, the square of
the absolute value of 𝑉 (𝑚, 𝑘) follows a central chi-squared
distribution with two degrees of freedom, i.e., ∣𝑉 (𝑚, 𝑘)∣2 ∼
𝜒2
2, which has mean

𝜇𝑉 = 𝔼
{∣𝑉 (𝑚, 𝑘)∣2} = 𝜎2𝑣 (46)

and variance

𝜎2𝑉 = Var
{∣𝑉 (𝑚, 𝑘)∣2} = 𝜎4𝑣 . (47)

Consequently, 𝑆𝑌 (𝑘) has a central chi-squared distribution
but with 2𝑀 degrees of freedom, i.e., 𝑆𝑌 (𝑘) ∼ 𝜒2

2𝑀 . The
mean and variance of 𝑆𝑌 (𝑘) are given by

𝜇𝑆 = 𝔼

{
𝑆𝑌 (𝑘)

}
= 𝜎2𝑣 (48)

and

𝜎2𝑆 = Var
{
𝑆𝑌 (𝑘)

}
=
𝜎4𝑣
𝑀

(49)

respectively.

B. Probability Distribution of the Spectral Feature Detector

The spectral correlation detector

𝑇𝐿 =
1

𝐿

𝐿−1∑
𝑘=0

𝑆𝑌 (𝑘)𝑆𝑋(𝑘) (50)

is also a random variable, which is a weighted sum of the
central chi-squared random variables {𝑆𝑌 (𝑘)}. We calculate
the cumulant generating function (i.e., the logarithm of the
moment generating function) [24] of 𝑇𝐿 as

𝑔(𝜏) = log𝔼
(
𝑒𝜏𝑇𝐿

)
=

𝐿−1∑
𝑘=0

log𝔼
(
𝑒𝜏𝑆𝑌 (𝑘)𝑆𝑋 (𝑘)/𝐿

)

= −𝑀
𝐿−1∑
𝑘=0

log

(
1− 𝜏𝜃𝑘

𝑀

)
(51)

where

𝜃𝑘 =
𝜎2𝑣𝑆𝑋(𝑘)

𝐿
. (52)

The cumulants are given by the derivatives of 𝑔(𝜏) at 𝜏 = 0:

𝑐𝑛 = 𝑔(𝑛)(0) =
(𝑛− 1)!

𝑀𝑛−1

𝐿−1∑
𝑘=0

𝜃𝑛𝑘 . (53)

The first two cumulants are the mean and variance, which can
be shown to be

𝑐1 =
1

𝐿

𝐿−1∑
𝑘=0

𝔼

{
𝑆𝑌 (𝑘)

}
𝑆𝑋(𝑘) = 𝜎2𝑣𝑃𝑥 (54)

and

𝑐2 =
1

𝐿2

𝐿−1∑
𝑘=0

Var
{
𝑆𝑌 (𝑘)

}
𝑆2
𝑋(𝑘) =

𝜎4𝑣
𝑀𝐿2

𝐿−1∑
𝑘=0

𝑆2
𝑋(𝑘).

(55)
To better characterize the probability distribution of 𝑇𝐿, we
define the skewness (a measure of the asymmetry) and the
kurtosis (a measure of the “peakedness”) of the probability
distribution of 𝑇𝐿 respectively as

𝑆𝑇 =
𝑐3√
𝑐32

(56)

and
𝐾𝑇 =

𝑐4
𝑐22
. (57)

It can be seen that the probability distribution of 𝑇𝐿 has a
longer tail in the right hand side since it is a sum of multiple
chi-squared random variables. We can say that the distribution
of 𝑇𝐿 is right-skewed or positively skewed.

C. Chi-Squared Approximation

We propose using a non-central 𝜒2
𝜅(𝛿) distribution to ap-

proximate the distribution of 𝑇𝐿. The parameters 𝜅 and 𝛿 are
determined such that the skewnesses of 𝜒2

𝜅(𝛿) and 𝑇𝐿 are
equal and the difference between the kurtoses of 𝜒2

𝜅(𝛿) and
𝑇𝐿 is minimized.

Consider that the skewness of 𝜒2
𝜅(𝛿) is given by

𝑆𝜒2 =

√
8(𝑎2 + 𝛿)

𝑎3
(58)
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where

𝑎 =
√
𝜅+ 2𝛿. (59)

We can obtain

𝛿 =
𝑆𝑇√
8
𝑎3 − 𝑎2 (60)

by letting 𝑆𝑇 = 𝑆𝜒2 . Since 𝛿 ≥ 0, we have 𝑎 ≥ √
8/𝑆𝑇 .

The difference between the kurtoses of 𝜒2
𝜅(𝛿) and 𝑇𝐿 is

Δ𝐾 =

∣∣∣∣12(𝜅+ 4𝛿)

(𝜅+ 2𝛿)2
−𝐾𝑇

∣∣∣∣
=

∣∣∣∣∣6
√

2𝑆𝑇
𝑎

− 12

𝑎2
−𝐾𝑇

∣∣∣∣∣
=

∣∣∣∣∣12
(

1

𝑎
− 𝑆𝑇√

8

)2

+𝐾𝑇 − 3

2
𝑆2
𝑇

∣∣∣∣∣ . (61)

If 2𝐾𝑇 ≥ 3𝑆2
𝑇 , Δ𝐾 is minimized when 𝑎 =

√
8/𝑆𝑇 . In this

case, we have

𝛿 = 0 and 𝜅 =
16

𝑆2
𝑇

. (62)

If 2𝐾𝑇 < 3𝑆2
𝑇 , the minimum value of Δ𝐾 is zero. Thus,

𝑎 =

(
𝑆𝑇√
8
−
√
𝑆2
𝑇

8
− 𝐾𝑇

12

)−1

. (63)

As a result, 𝛿 and 𝜅 can be obtained from (60), (59), and (63)
correspondingly.

The probability density function (PDF) of 𝜒2
𝜅(𝛿) is given

by [24]

𝑓(𝑥;𝜅, 𝛿) =
1

2
𝑒−(𝑥+𝛿)/2

(𝑥
𝛿

)𝜅/4−1/2

𝐼𝜅/2−1

(√
𝛿𝑥
)

(64)

where 𝐼𝜈(⋅) is a modified Bessel function of the first kind
given by

𝐼𝜈(𝑦) :=
(𝑦
2

)𝜈 ∞∑
𝑘=0

(
𝑦2/4

)𝑘
𝑘!Γ(𝜈 + 𝑘 + 1)

(65)

and Γ(⋅) is the gamma function:

Γ(𝑧) :=

∫ ∞

0

𝜏𝑧−1𝑒−𝜏 𝑑𝜏. (66)

Consequently, the cumulative distribution function (CDF)
of 𝜒2

𝜅(𝛿) can be written as

𝑃 (𝑥;𝜅, 𝛿) = 𝑒−𝛿/2
∞∑
𝑘=0

(𝛿/2)
𝑘

𝑘!
𝐹 (𝑥;𝜅+ 2𝑘) (67)

where 𝐹 (⋅) is the CDF of the central chi-squared distribution

𝐹 (𝑥;𝜅) =
𝛾 (𝜅/2, 𝑥/2)

Γ(𝜅/2)
(68)

and 𝛾(⋅) is the incomplete Gamma function:

𝛾(𝑧, 𝑥) =

∫ 𝑥

0

𝜏𝑧−1 𝑒−𝜏 𝑑𝜏. (69)

D. Probability of False Alarm

The probability of false alarm is the tail probability of 𝑇𝐿,
which is approximated by

Pr (𝑇𝐿 > 𝑡) = Pr

(
𝑇𝐿 − 𝑐1√

𝑐2
> 𝑡∗

)

≈ Pr

(
𝜒2
𝜅(𝛿) − 𝜇𝜒2

𝜎𝜒2

> 𝑡∗
)

= Pr
(
𝜒2
𝜅(𝛿) > 𝑡

∗𝜎𝜒2 + 𝜇𝜒2

)
(70)

where

𝑡∗ =
𝑡− 𝑐1√
𝑐2
,

𝜇𝜒2 = 𝔼
(
𝜒2
𝜅(𝛿)

)
= 𝜅+ 𝛿,

and
𝜎𝜒2 =

√
Var (𝜒2

𝜅(𝛿)) =
√

2 (𝜅+ 2𝛿).

From (67) and (70), we can numerically evaluate the
probability of false alarm for a given threshold 𝑡, i.e.,

Pr (𝑇𝐿 > 𝑡) = 1− 𝑃 (
𝑡∗𝜎𝜒2 + 𝜇𝜒2 ;𝜅, 𝛿

)
. (71)

Namely, the decision threshold can be uniquely determined
if the probability of false alarm is constrained. We will use
a simulation study to show the actual approximation error of
our method in terms of the probability of false alarm.

VI. IMPLEMENTATION ISSUES

The spectral feature correlation detector has been shown to
be asymptotically equivalent to the LRT detector. In practice,
there are a number of advantages in implementing the spectral
correlation detector. In this section, we compare the proposed
spectral correlation detector with the LRT detector and other
related detection techniques.

Compared with the LRT detector, the spectral feature corre-
lation detector can be implemented more efficiently. Though
LRT is an optimal detector in the time domain, its com-
putational complexity is prohibitively high in practice. The
estimation of the covariance matrix Σ𝑛 requires calculation
of autocorrelation using a large number of samples but can
be done off-line. For on-line operation, the computational
complexity of the quadratic detector in (19) is 𝑂(𝑛2). On
the other hand, the spectral feature correlation detector uses
the periodogram estimate of received samples, which can
be obtained by using fast Fourier transformation (FFT) with
complexity of 𝑂(𝑛 log2 𝑛). A method to further reduce the
complexity of the proposed spectral feature correlation de-
tector is to use the average periodogram, which is obtained
by splitting the long sample sequence into multiple blocks
and taking the average of the periodograms of these blocks.
With the average periodogram, the spectral feature detection
in frequency domain can be implemented with much less
complexity than the LRT detector in time domain.

The analysis of the LRT detector with a quadratic structure
(19) is in general mathematically intractable. One has to use
Monte Carlo simulation to estimate its test threshold and eval-
uate its detection performance. In contrast, the spectral feature
correlation detector can uniquely determine its threshold from
a given probability of false alarm.
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Recently, an eigenvalue-based spectrum sensing algorithm
was proposed in [25], which uses the ratio of the maximum
and minimum eigenvalues of the covariance matrix as the
detector. As we discussed above, the covariance matrix is a
Hermitian Toepliz matrix. Since it is asymptotically equivalent
to a circular matrix, which can be eigen-decomposed using the
DFT matrix. Hence, the eigenvalues of the covariance matrix
approach the power spectrum asymptotically as the order of
the matrix increases [19]. If the number of samples is large,
the eigenvalue-based sensing algorithm can be interpreted as a
detector based on the power spectrum of the received samples,
and the ratio of the maximum and minimum eigenvalues
corresponds to that of the maximum and minimum PSD
values across the bandwidth of interest. The computational
complexity of the eigenvalue-based detector is 𝑂(𝑛3), most of
which is for eigenvalue decomposition [25]. On the contrary,
a corresponding power spectrum-based detector only needs
complexity of 𝑂(𝑛2), considering the fact that the covariance
matrix estimation costs 𝑂(𝑛2), which needs to be performed
online, and the periodogram calculation is 𝑂(𝑛 log2 𝑛).

The similarity between the proposed SFD and the cyclo-
stationary feature detector is that both detectors belong to the
class of feature detection. Unlike the matched filter structure,
they are non-coherent detectors and do not need to synchronize
the primary transmitter. However, the cyclostationary feature
detector needs to calculate the cyclic autocorrelation function
of the received signal with computational complexity of at
least 𝑂(𝑛2) [11]. In terms of detection performance, it might
be far from optimum according to the Neyman-Pearson crite-
rion since the periodicity features are limited.

VII. SIMULATION RESULTS

In this section, we evaluate the proposed spectral feature
correlation-based spectrum sensing algorithm for both ATSC
and NTSC signals. Our experiments use the simulation models
proposed in [26].

We obtain the “clean” baseband TV signal by capturing
the TV signals at the RF front-end and then transforming
the signals from the ultra-high frequency (UHF) bands to the
baseband. Through processing, the TV signals in the baseband
are sampled at the rate of 6 × 106 samples/second, with a
bandwidth of 6 MHz. The TV data are divided into a number
of blocks, each of which is 6 mili-second (ms). The spectral
features are obtained by computing the averaged periodograms
𝑆𝑋(𝑘) of the clean TV signals with a duration of 126 ms.

A. Chi-Square Approximation

We first examine the effectiveness of the proposed chi-
square approximation. For ℋ0 hypothesis, we independently
generate 2, 500 realizations of data sets, each of which is
a block of white Gaussian noise with 4, 096 samples (i.e.,
𝑀 = 1 and 𝐿 = 4, 096). For each data set, we obtain the test
statistics 𝑇𝐿,NTSC and 𝑇𝐿,ATSC respectively for the NTSC and
ATSC signals. In Fig. 3, we compare the PDF of 𝜒2

𝜅(𝛿) with
the histograms of 𝑇𝐿,NTSC and 𝑇𝐿,ATSC. It can be observed
that our model well approximates the simulated distribution
of the SFD 𝑇𝐿 under ℋ0.
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Fig. 3. The comparison of the histograms of 𝑇𝐿 with the chi-square
approximations 𝜒2

𝜅(𝛿).
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Now we investigate the tail probabilities of the distribution
functions of 𝑇𝐿 and 𝜒2

𝜅(𝛿), which are also the probabilities
of false alarm. The probabilities of false alarm are plotted
against the thresholds in Fig. 4. The result shows that for both
ATSC and NTSC signals, the chi-square model provides a
good approximation to the spectral correlation detector. Thus,
the threshold can be accurately estimated using the chi-square
model over a wide range of probabilities of false alarm (e.g.,
above 10−3).
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TABLE I
ITU PEDESTRIAN-B MULTIPATH CHANNEL - POWER DELAY PROFILE

Delays (ns) 0 200 800 1200 2300 3700

Avg. PowerGain (dB) 0 -0.9 -4.9 -8.0 -7.8 -23.9
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Fig. 5. The missed detection rate of the proposed spectrum sensing algorithm
for ATSC signals, with a false alarm rate less than 0.001.

B. Sensing Performance

Here we study the sensing performance for two channel
models: AWGN and multipath fading channels. For the mul-
tipath fading channel model, we apply the ITU Pedestrian B
model, whose power delay profile is given in Table I. The root
mean square (RMS) delay spread of the ITU Ped-B model is
633 ns. We pass the clean TV signals through the two channel
models to simulate the real wireless propagation environment.
Since cognitive radios are mostly used in stationary networks
according to the IEEE 802.22 working group [26], the real
channel response is close to the AWGN model. The ITU Ped-
B model can be considered as the worst case, which rarely
occurs in practice.

For both ATSC and NTSC signals, we choose the test
thresholds such that their false alarm rates are less than 0.001.
Once the test thresholds for ATSC and NTSC signals are
determined, we can simulate the missed detection rate by
running the sensing algorithms for 50,000 realizations for each
SNR value. Hence, the missed detection rate is calculated
by dividing the number of captured errors by the number of
realizations (i.e., 50,000). The simulation results for ATSC and
NTSC are plotted in Fig. 5 and Fig. 6.

For both ATSC and NTSC signals, the SFD can reliably
detect signals at SNR around −20 dB with very low missed
detection rates over the AWGN channels. To achieve such
detection performance, the sensing time of the ATSC signal
is 48 𝑚𝑠 sensing time and the sensing time of the NTSC
signal is 24 𝑚𝑠. It can be observed that the NTSC signal is
easier to detect than the ATSC signal since the NTSC signal
has three sharp spectral features while the ATSC contains a
large amount of flat spectrum and has only one sharp feature
corresponding to the pilot. This observation is consistent with
our optimization analysis in Section IV. In the simulation, we
also observe that the SFD outperforms the energy detector
(ED) assuming that there is no noise uncertainty.
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Fig. 6. The missed detection rate of the proposed spectrum sensing algorithm
for NTSC signals, with a false alarm rate less than 0.001.

According to the IEEE 802.22 standard [27], a cognitive
radio device should finish spectrum sensing within 2 seconds.
In practical deployment, cognitive radios should have a quiet
period for spectrum sensing every 2 seconds in order to avoid
causing intolerable interference when the licensed TV signal
suddenly comes back. If the cognitive radio uses a quiet period
of 50 ms every 2 seconds for spectrum sensing, it will be able
to serve its users 97.5% of time during operation.

VIII. CONCLUSION

In this paper, we have proposed a spectral feature detector
for spectrum sensing in cognitive radio networks. The basic
strategy is to use the correlation between the periodogram
of the received signal and the a priori known spectral fea-
tures. Using the asymptotic properties of Toeplitz and circular
matrices, we have shown that this spectral feature detector is
asymptotically optimal at very low SNR and with a large block
size. In addition, we have performed optimization analysis on
the effects of spectral features on the sensing performance. The
analytical results show that the signals with sharp spectral fea-
tures are easier to detect compared with those with relatively
flat spectra. The simulation results show that the proposed
spectral feature correlation detector can reliably detect analog
and digital TV signals at SNR as low as −20 dB.

APPENDIX A
PROOF OF THEOREM 1

Proof: First, we compute the 𝑛-point unitary DFT of the
observation y, i.e.,

𝑌𝑛 = 𝑊𝑛y =

⎡
⎢⎢⎢⎣

𝑌𝑛(0)
𝑌𝑛(1)

...
𝑌𝑛(𝑛− 1)

⎤
⎥⎥⎥⎦ (72)
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where 𝑊𝑛 is the 𝑛× 𝑛 DFT matrix defined as

𝑊𝑛 =
1√
𝑛

⎡
⎢⎢⎢⎢⎢⎣

1 1 1 ⋅ ⋅ ⋅ 1
1 𝑤𝑛 𝑤2

𝑛 ⋅ ⋅ ⋅ 𝑤𝑛−1
𝑛

1 𝑤2
𝑛 𝑤4

𝑛 ⋅ ⋅ ⋅ 𝑤
2(𝑛−1)
𝑛

...
...

...
...

1 𝑤𝑛−1
𝑛 𝑤

2(𝑛−1)
𝑛 ⋅ ⋅ ⋅ 𝑤

(𝑛−1)(𝑛−1)
𝑛

⎤
⎥⎥⎥⎥⎥⎦
(73)

with 𝑤𝑛 = 𝑒−𝑗2𝜋/𝑛 being a primitive 𝑛th root of unity.
Since the estimated PSD (or periodogram) of y can be

estimated as

𝑆
(𝑛)
𝑌 (𝑘) = 𝑌 ∗

𝑛 (𝑘)𝑌𝑛(𝑘) = ∣𝑌𝑛(𝑘)∣2 , 𝑘 = 0, 1, . . . , 𝑛− 1
(74)

for large 𝑛, we can rewrite (34) as

𝑇𝑛 =
1

𝑛
𝑌 ∗
𝑛Λ𝑛𝑌𝑛 (75)

where

Λ𝑛 =

⎛
⎜⎜⎜⎝
𝑆
(𝑛)
𝑋 (0) 0

...
. . .

...

0 ⋅ ⋅ ⋅ 𝑆
(𝑛)
𝑋 (𝑛− 1)

⎞
⎟⎟⎟⎠ . (76)

It can be shown that Λ𝑛 can be obtained by diagonalizing the
circular matrix 𝐶𝑛 using the DFT matrix 𝑊𝑛, i.e.,

Λ𝑛 = 𝑊𝑛𝐶𝑛𝑊
∗
𝑛 . (77)

Namely, the diagonal entries of Λ𝑛 are the eigenvalues of
𝐶𝑛 and the column vectors of 𝑊 ∗

𝑛 are the corresponding
eigenvectors of 𝐶𝑛.

Consequently, we have

lim
𝑛→∞ ∣𝑇LRT,𝑛 − 𝑇𝑛∣ = lim

𝑛→∞
1

𝑛

∣∣∣∣∣y∗Σ𝑛y −
𝑛−1∑
𝑘=0

𝑆
(𝑛)
𝑋 (𝑘)𝑆

(𝑛)
𝑌 (𝑘)

∣∣∣∣∣
= lim

𝑛→∞
1

𝑛
∣y∗Σ𝑛y − 𝑌 ∗

𝑛Λ𝑛𝑌𝑛∣

= lim
𝑛→∞

1

𝑛
∣y∗Σ𝑛y − y∗𝑊 ∗

𝑛Λ𝑛𝑊𝑛y∣

= lim
𝑛→∞

1

𝑛
∣y∗ (Σ𝑛 −𝑊 ∗

𝑛Λ𝑛𝑊𝑛)y∣

= lim
𝑛→∞

1

𝑛
∣y∗ (Σ𝑛 − 𝐶𝑛)y∣

= 0

where the last equality follows Lemma 2. This completes the
proof.
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