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in Three-Phase Radial Distribution Systems

With Distributed Generation
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Abstract—In this paper, the concepts related to loss partitioning
among the phase currents in three-phase distribution systems are
revisited in the light of new findings identified by the authors.
In particular, the presence of a paradox in the classical loss
partitioning approach, based on the use of the phase-by-phase
difference between the input and output complex power, is high-
lighted. The conditions for performing effective loss partitioning
without the occurrence of the paradox are thus established. The
corresponding results are then used to extend the branch current
decomposition loss allocation method for enabling its application
to three-phase unbalanced distribution systems with distributed
generation. Several numerical examples on a three-phase line with
grounded neutral and on the modified IEEE 13-node test system
are provided to assist the illustration and discussion of the novel
conceptual framework.

Index Terms—Distributed generation, distribution systems, loss
allocation, loss partitioning, losses, paradox, unbalanced systems.

I. INTRODUCTION

T HE distribution system design typically assumes that the
network is symmetrical and operates in balanced con-

ditions [1], [2]. However, there are structural and operational
reasons for which symmetrical and balanced conditions do
not hold. From the structural standpoint, the network can be
unsymmetrical because of the presence of untransposed lines,
unequal three-phase off-nominal tap ratios of transformers, or
components (loads or local generators) connected in two-phase
or single-phase mode. From the operational standpoint, unbal-
anced conditions typically occur in the normal operation of
aggregated loads, or during short periods of abnormal operation
with unbalanced faults or with one/two phases out of service.

The continuing interest towards the analysis of multiphase
distribution systems and their unbalanced operation [3] is
indicated by several recent publications addressing three-phase
power flow calculation [4]–[14], five-wire structures [15], [16],
line and transformer modeling [17]–[25], induction machine
applications and test cases [26]–[31] and loss partitioning
among the phase currents of the unsymmetrical/unbalanced
system [32]. However, to the authors’ knowledge the issue of
loss allocation in unbalanced systems with distributed gen-
eration has not been addressed yet in the scientific literature.
The formulation of a loss allocation procedure to three-phase
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systems requires, in addition to the power flow solution, further
specifications on the type of model used for the three-phase
system and on the loss partitioning among the phase currents.
These specifications are provided according to the loss calcu-
lation techniques applied to the matrix representation of the
distribution system branches. The branch modeling is recalled
in Appendix A.

The basic concepts for loss calculation in three-phase systems
are presented in [2, p. 279], where four specific statements are
made for an unbalanced system.

1) The real power loss in a device should not be computed
by using the phase current squared times the phase re-
sistance.1

2) The real power losses of a line segment must be com-
puted as the difference (by phase) of the input power in
a line segment minus the output power of the line seg-
ment.

3) It is possible to have a negative power loss on a phase
that is lightly loaded compared to the other two phases.

4) Computing power loss as the phase current squared
times the phase resistance does not give the actual
power loss in the phases.

In this paper, these statements are discussed in details,
showing that correct results are obtained from the corre-
sponding classical approach only for the purpose of calculating
the total losses for each distribution system branch. However,
the use of the classical approach for providing the loss par-
titioning results among the phase currents, as contained for
instance in the documentation referred to classical test feeders
[33], is affected by the occurrence of a conceptual paradox
(here called loss partitioning paradox). This paradox depends
on the use of the impedance matrix components (or of the
phase-by-phase difference between the input and output com-
plex power) for partitioning the branch power losses among
the phase currents. It is shown that this paradox is of the same
nature of the loss allocation paradox identified by the authors
in [34], whose correction has led to the development of the ef-
fective branch current decomposition loss allocation (BCDLA)
method.

The background of the loss allocation paradox is recalled in
Section II. The identification of the conditions leading to the
loss partitioning paradox is carried out in Section III, together
with the presentation of the paradox-free technique for loss par-
titioning, discussed with several numerical examples. The same

1The phase resistance mentioned in 1) is not the physical resistance of the
conductor, but the resistance obtained from the primitive impedance matrix of
the distribution line indicated in Section III-A.
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Fig. 1. Two-node system.

concepts are used in Section IV to extend the BCDLA method
[34] for performing the loss allocation in radial distribution sys-
tems in the case of three-phase systems operating in unbalanced
conditions, also considering the presence of balanced or unbal-
anced distributed generation (DG). A case study application of
the loss allocation method on the IEEE 13-node system [33]
with distributed generation is presented in Section V. The last
section contains the concluding remarks.

II. BACKGROUND ON THE LOSS ALLOCATION PARADOX

The loss allocation paradox has been presented by the authors
in [34]. It occurs when the voltage variation at the bus terminals
or the elements of the impedance matrix are used for setting up
the loss allocation method. The rationale for this explanation is
also based on the results shown in [35] and [34], in which it has
been proven that it is necessary to use only the real part of the
impedance matrices or components for obtaining consistent loss
allocation results. Here we illustrate and discuss succinctly the
effect of the paradox by using the two-node system of Fig. 1.

For this system, considering the complex power generated
at node 0 and , the expression of the losses
allocated to node 1 is

(1)

The coefficients that multiply and in (1) are used as
active and reactive loss coefficients. Thus, the active power co-
efficient also depends on reactive power, and vice versa. The ac-
tive coefficient is always positive, but the reactive coefficient can
become negative if is higher than

. Under these conditions, if the load is assumed as the
sum of two components with the same active power and dif-
ferent (inductive) reactive power, adopting the loss coefficients
determined from (1) would penalize the load with the lower
value of reactive power, with an evident paradox. The elimina-
tion of the loss allocation paradox is carried out by recognizing
that the term and its opposite in (1) could be sim-
plified. This consideration corresponds to modify (1) into

(2)

Fig. 2. Distribution line structure with grounded neutral.

The expression (2) contains only the resistive component
of the branch impedance. This is sufficient to eliminate the
paradox, as explained in [34], with further details more gener-
ally referred to radial distribution systems.

III. LOSS PARTITIONING ON THREE-PHASE

DISTRIBUTION BRANCHES

A. Circuit Model

A recent paper [32] based on [2] has addressed the calculation
of the losses in distribution system lines taking into account, be-
sides the phase currents, also the neutral current and the ground
current (called “dirt” current in [32]). The test system used con-
sists of a distribution line with grounded neutral. Fig. 2 shows
the structure of the distribution line connecting node to node ,
with the location of the phase conductors ( , and ) and of the
neutral conductor with respect to the ground. The data are
the same as those used in [32], with phase conductors of the type
556.500 26/7 ACSR, neutral conductor 4/0 ACSR and line length
of 3 mi. Fig. 3 shows the equivalent circuit, in which the currents
in the three phases are identified by , and , whereas is
the neutral current and is the “dirt” current. For the purpose of
notation, the phase currents are represented by using the vector

and the vector contains
the complex voltages at the phase terminals of the generic node

. In all the calculations, the impedance values are expressed in
ohm. The primitive impedance matrix for the distribution line,
calculated according to the Carson’s equations [36], is shown in
(3) at the bottom of the page.

The application of the Kron reduction (see Appendix A)
yields the 3 3 reduced impedance matrix

(4)

(3)
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Fig. 3. Equivalent circuit of the three-phase line with grounded neutral, con-
necting node � to node �.

The loss partitioning results obtained in [32] is consistent
with the specific statements 1)–4) recalled in the introduction.

In the classical method [2], the calculation of the losses is
performed by computing the difference, for each phase, of the
input power in a branch minus the output power of the branch.
For phase of the branch with sending bus and ending
bus , the losses are calculated as the real part of the product

. The presence of the voltage difference as
in (1) causes the occurrence of a paradox similar to the one
described in Section II, as shown below.

B. Loss Partitioning Paradox

The following discussion is aimed at showing that the re-
sults of the loss partitioning technique according to the classical
method are affected by what we call loss partitioning paradox,
and at proposing an effective way to eliminate the occurrence of
that paradox.

Let us consider a multi-terminal branch represented by the
symmetrical impedance matrix . The total losses are
computed as

(5)

Since the following conditions are equivalent (as shown in
Appendix B):

(6)

the total branch losses can be calculated with the impedance
matrix or with its real part

(7)

The formulation (5) leads to the loss partitioning indicated in
[2] and [32]. Alternatively, the authors here propose to calcu-
late the loss partitioning by using the real part of the impedance

matrix. The proposed method is called resistive component-
based loss partitioning (RCLP). By denoting with the compo-
nent-by-component vector product (see Appendix C), the loss
partition vector referred to the three
phases , and in the equivalent 3 3 matrix representation
of the branch is calculated as

(8)

and the total losses on branch are expressed as

(9)

The total losses in (9) correspond to the sum of the
components of the vector . The real part operator is needed
in (8) because of the effect of the off-diagonal components of
the matrix , but it is no longer needed in (9), since all the
imaginary parts are mutually compensated in the sum.

The occurrence and the characteristics of the loss partitioning
paradox are explained by considering the following cases:

• Case A, corresponding to the distribution line and load data
given in [32] and recalled above in (3) and (4); in particular,
the distribution line is slightly unsymmetrical and the load
is significantly unbalanced;

• Case B, in which the distribution line data are the same as
in Case A, but the load is balanced and connected to the
grounded neutral;

• Case C, in which the distribution line data are the same as
in Case A, the load is unbalanced but with open connection
to the return path;

• Case D, in which the parameters of the distribution line are
changed in such a way to correspond to a symmetrical line,
and the load is unbalanced but with open connection to the
return path;

• Case E, in which distribution line is symmetrical as in
Case D, while the load is balanced and connected to the
grounded neutral as in Case B;

• Case F, in which the operating conditions of Case B are
modified by progressively decreasing the load connected
to phase .

Considering Case A, the load impedance matrix, calculated
by using the rated voltage and the rated load power and power
factor, is shown in (10) at the bottom of the page.

Table I shows the loss partitioning obtained by using the dif-
ference between the input and the output complex power at each
phase, as indicated in [2] and [32], compared to the proposed
RCLP method. Both methods are able to reproduce the exact
total losses, but the differences in the loss partitioning among
the phase currents are evident. In particular, the classical method

(10)
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TABLE I
LOSS PARTITIONING RESULTS FOR CASE A [kW]

TABLE II
LOSS PARTITIONING RESULTS FOR CASE B [kW]

originates a negative loss term at phase and a positive term at
phase even higher than the total losses, whereas in the pro-
posed loss partitioning technique negative terms are absent and
the positive terms are always lower than the total losses.

In Case B, the matrix corresponding to the balanced load (i.e.,
with equal load impedances connected to each phase) is shown
in (11) at the bottom of the page.

Table II shows the loss partitioning results. With the classical
method, large differences occur at phase a with respect to the
other two phases, whereas in the RCLP method the differences
are much lower and consistent with the slight lack of symmetry
of the distribution line.

In Case C, the presence of the untransposed line creates, in
addition to the phase current, a nonzero current in the loop
formed by the neutral conductor and the ground. The values of
the currents are the following:

(12)

The sum of the currents in the three phases is zero. The loss
partitioning is indicated in Table III. Again, the two methods
provide different results.

TABLE III
LOSS PARTITIONING RESULTS FOR CASE C [kW]

TABLE IV
LOSS PARTITIONING RESULTS FOR CASE D [kW]

In Case D, the 4 4 impedance matrix corresponding to the
symmetrical line is shown in (13) at the bottom of the page, and
the resulting 3 3 matrix obtained from the Kron reduction is

(14)

The currents now are

(15)

The sum of the currents in the three phases is zero, and no
current flows in the circuit formed by the neutral conductor and
the ground. In this case, the two loss partitioning methods pro-
vide the same solution, as indicated in Table IV.

Considering Case E, the loss partitioning among the phase
currents in this case is the same for the two methods, as shown
in Table V.

For analyzing Case F, let us denote with , and
the diagonal components of the matrix . Starting from the

(11)

(13)
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TABLE V
LOSS PARTITIONING RESULTS FOR CASE E [kW]

Fig. 4. Phase current variations.

Fig. 5. Loss partitioning from the classical method.

condition of balanced load, the current is progressively reduced
in phase by increasing the modulus of the load impedance
with constant angle and maintaining . The results
are shown in function of the variation of the ratio .
The phase currents are plotted in Fig. 4. The classical method
(Fig. 5) produces negative loss partitioning for the lightly loaded
phase , and for the highly loaded phases it attributes a negative
amount of losses to phase and an amount of losses positive and
even higher than the total losses to phase . Instead, the RCLP
method (Fig. 6) provides the largest loss partitioning to phase
and phase with higher and similar currents, whereas the lightly
loaded phase corresponds to a slightly negative value of losses
(see Section III-C for more details). In this case, the amount of
the negative losses is very low with respect to the components
attributed to the other phases (Fig. 6).

The results obtained from the RCLP method are consistent
with providing a similar loss partitioning to the two phases with
similar current loading. Conversely, the results provided by the
classical loss partitioning contain significant negative losses
on phase , with the same load and similar current as phase
(Fig. 5), due to the effect of the loss partitioning paradox.

Fig. 6. Loss partitioning from the proposed RCLP method.

C. Relationships Among the Loss Partitioning Results and the
Joule Losses in the Conductors

The effectiveness of the proposed RCLP method can be also
explained in terms of the possibility of obtaining a loss parti-
tioning consistent with the partitioning of the Joule losses in the
network conductors. For this purpose, it is necessary to attribute
the losses in the return path (neutral conductor and ground) to
the three phase currents. To exemplify, let us apply the calcula-
tion of the Joule losses to Case A. The currents are

(16)

By denoting with the resistance of each phase conductor,
the resistance of the neutral conductor and the ground

resistance, the Joule losses in each physical conductor are given
by

(17)

The total Joule losses are 76.8041 kW. For performing loss
partitioning, the losses related to the neutral conductor and the
ground have to be redistributed among the three phase currents.
For this purpose, let us start from the 4 4 matrix representa-
tion of the branch impedance shown in Appendix A, and let us
apply the effect superposition principle, by injecting the currents

, and one at a time in the terminal of the corresponding
phase. For instance, the current is injected at the phase ter-
minal and returns through the components in the neutral
and in the ground, while . In this case, cal-
culating the neutral current component according to the Kron
reduction as in (A3) yields

(18)

and the ground current component is given by

(19)
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According to the concept introduced in [34] for the formu-
lation of the BCDLA method, in the presence of the partition
of a specified current into various components, the losses asso-
ciated to each component are proportional to the projection of
the phasor representing that current component onto the phasor
representing the specified current. The application of this con-
cept to the current components and of phase yields,
respectively,

(20)

and

(21)

Analogously, it is possible to calculate the expressions of the
components for phase and phase as follows:

(22)

(23)

(24)

(25)

Summing up the Joule losses in each physical conductor with
the respective portion of the losses in the neutral conductor and
in the ground yields

(26)

The total losses are

(27)

The partitioning of the Joule losses exactly reproduces the
results of the RCLP method indicated in Table I. This adds a
further conceptual issue to justify the use of the RCLP method
for loss partitioning, instead of the classical method providing a
substantially different loss partitioning result.

The negative amounts and are consistent with
the fact that, increasing the load on phase , the system unbal-
ance decreases, determining a reduction in the losses in the neu-
tral conductor and in the ground, with consequent reduction of
the total losses.

D. Comments on Loss Partitioning

In the light of the results obtained in the above examples, it is
possible to provide specific comments to the statements of [2]
recalled in the points from 1) to 4) of the introduction:

1) The proposed RCLP technique is able to explain the loss
partitioning results in terms of their relationships with
the individual phase currents.

2) The calculation of the real power losses computed as
the difference (by phase) of the input power minus the
output power produces the loss partitioning paradox,
whereas the RCLP technique is paradox-free.

3) Obtaining negative power losses on a lightly loaded
phase from the RCLP method is possible, but to a lower
extent with respect to what happens in the classical
method affected by the loss partitioning paradox, in
which significant negative losses may be attributed even
to highly loaded phases.

4) The proposed technique provides the correct parti-
tioning of the power losses among the three phase
currents of the system with branches represented by
their reduced 3 3 matrices (a sufficient representation
adopted in the branch representation for three-phase
power flow calculations, without requiring a detailed
modeling of the return path through the neutral con-
ductor and the ground).

The loss partitioning paradox is associated to the presence of
a non-zero current in the neutral conductor and in the ground.
Thus, it depends on the decomposition of the currents in the neu-
tral conductor and in the ground into various components to be
associated with the phase currents. On the basis of this decom-
position issue, the nature of the loss partitioning paradox is the
same as for the loss allocation paradox, recalled in Section II
and linked to the decomposition of the losses among the dif-
ferent components of the current flowing in a branch [34].

IV. EXTENSION OF THE BRANCH CURRENT

DECOMPOSITION LOSS ALLOCATION (BCDLA)
METHOD TO THREE-PHASE DISTRIBUTION SYSTEMS

The three-phase loss allocation is carried out in this section by
extending the BCDLA method introduced by the authors in [34]
for symmetrical balanced systems. The benefits of the BCDLA
method with respect to other loss allocation methods applied to
balanced distribution systems [35], [37]–[39] have been widely
discussed in [34].

Let us consider a radial distribution system with nodes,
numbered as , where node 0 is the root node.
Starting from the three-phase power flow solution and from the
loss partitioning calculated according to the RCLP method by
using the 3 3 matrix representation of the branches, the equa-
tions of the BCDLA method are rewritten in vector form to be
applied to three-phase systems.

Let us assume additional vector notation. The net input cur-
rents at the three phase terminals of node are represented as

(28)

and the losses allocated to the three phases of the load connected
to node are denoted as

(29)
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Fig. 7. Multi-wire layout of the IEEE 13-node test system.

The partition by phase of the losses in a generic branch can
be written starting from (8) and expressing the branch current
as the sum of the injected node currents

(30)

where is the set of downward nodes supplied from branch
. Then, the loss partitioning (8) is expressed in the form

(31)
and the losses associated to branch are assigned to the nodes
located downward with respect to branch (i.e., supplied by
branch ) as

if

if .

(32)
The total losses allocated to node are given by the sum of

the components related to each branch

(33)

where is the set of the branches connecting node to the
root node.

V. APPLICATION TO THE IEEE 13-NODE TEST SYSTEM

The loss allocation concepts illustrated in Section IV have
been applied to the 13-node IEEE Test System [33], whose
multi-wire scheme is shown in Fig. 7. The distributed load lo-
cated on the branch from node 632 to node 671 of the original
version of the Test System2 has been substituted by 20 equal
lumped loads at equal spatial distance.3 The voltage magnitude
at the three phases of the voltage regulator has been imposed to
1.05 p.u. In order to extend the calculations to a case with dis-
tributed generation, a local generator of Y-PQ type with 200 kW
and 100 kvar for each phase has been added to node 680. The
local generator is represented as a negative load.4 The values of
the complex voltages obtained from the power flow solution are
shown in Table VI, while the branches loss partitioning are re-
ported in Table VII.

Comparing the values of Table VII obtained from the two
methods, it appears that the total losses in any branch are equal,
while the loss partitioning is different. In particular, the classical
method is affected by the paradox explained in Section III-B
and provides negative losses in some cases. The RCLP method
eliminates the paradox and produces very low negative losses

2Each branch is labeled by using the number of its ending node.
3The exact lumped models for the distributed load on a terminal feeder are

described in [2]. In the 13-node IEEE Test System the distributed load is not
located on a terminal feeder. In our load-flow model, we have used the rep-
resentation with 20 equal concentrated loads, suitable for a real system. Fur-
ther comparisons with other representations of the distributed load are shown in
Table VIII.

4The voltage/reactive power model of the local generator and the voltage de-
pendence of the loads are only relevant for the power flow calculation. Once
obtained the power flow solution, for the purpose of loss allocation the local
generator can be considered as a negative load with assigned active and reactive
power values.
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TABLE VI
VOLTAGES ON THE IEEE 13-NODE SYSTEM

FROM POWER FLOW CALCULATIONS

only in a few cases in which a phase is relatively light-loaded
with respect to the other phases.

More insights on the effects of the loss partitioning methods
in the presence of distributed load are provided in Table VIII,
showing the differences obtained by using different models for
the distributed load in the branch from node 632 to node 671,
in terms of total losses and of loss partitioning. In addition to
the use of 20 equal and equally-spaced lumped loads, other two
models discussed in [2] have been tested. The first model con-
tains a single lumped load located in the center of the line. The
other model has two lumped loads, one with 2/3 of the load lo-
cated at 1/4 of the line length (starting from node 632), the other
with 1/3 of the load located at the end of the line. The results
show that in all cases the classical and the proposed loss parti-
tioning methods provide the same total losses, but again the loss
partitioning referred to the individual phase currents are largely
different. The results of the model with two lumped loads match
with the ones obtained from the representation with 20 equal and
equally-spaced loads.

A. Losses Allocated to Loads and Local Generators and
Discussion on the Capacitive Effects

The total losses allocated to the loads, power factor correction
capacitors and DG unit are shown in Table IX. The total losses
allocated to loads and local generators by using the classical
method (78.822 kW) and the proposed RCLP method (78.845
kW) are different. In addition, both values are different from
the total branch losses (78.841 kW). This is due to the amount
of losses allocated to the shunt line capacitances, equal to 19
W in the classical method and 4 W in the RCLP method. The
case analyzed refers to a distribution system with overhead lines,
for which the losses allocated to the shunt line capacitances are
very low, but sufficient to discuss the numerical outcomes from
the loss allocation methods.5 The same effect appears with the
power factor correction capacitor at node 611. With the clas-
sical method, 6.178 kW are attributed to the capacitor, while the

5The losses allocated to the shunt branch capacitances in a distribution system
with underground cables would be higher and would confirm the effects of the
paradox under discussion with higher numerical evidence.

RCLP method correctly attributes a negative amount of 1.522
kW.

The difference in sign of the losses allocated to the capaci-
tors by the two methods is conceptually important. The classical
method allocates positive losses to the shunt lines capacitances
and to the power factor correction capacitor as a consequence of
the loss allocation paradox. In the RCLP method, the negative
value is consistent with the fact that both the shunt line capac-
itances and the power factor correction capacitor contribute to
the reduction of the total losses.

B. Discussion on the Losses Allocated to the DG Unit

In the case analyzed, the losses allocated to the DG unit are
negative, since the contribution of the DG unit leads to reducing
the total losses in the distribution system. However, considering
the branch connecting the DG unit to the distribution system, the
total losses in this branch are positive and are entirely allocated
to the DG unit.

In other cases, in which for instance the DG unit is connected
at a node with a prevailing local load, the presence of the DG
unit would decrease the current in the connection branch with
respect to the solution without local generation. In this case,
the losses allocated to the DG unit would be negative. These
results are consistent with the need for providing at the same
time a sound characterization of the branch losses and a correct
signal concerning the position of the DG unit in the distribution
system. In particular, the presence of the DG unit reduces the
total losses of 32.222 kW (from 111.063 kW without DG [33]
to 78.841 kW of Table VII), but the amount allocated to the DG
unit is only 13.212 kW. The difference

corresponds to the benefit provided by the presence
of the DG unit to the loads in terms of allocated losses.

VI. CONCLUDING REMARKS

This paper has revisited the classical formulation of the loss
partitioning in three-phase systems, identifying the existence of
a conceptual paradox and providing its solution. The authors
have proposed the novel RCLP method as paradox-free tech-
nique, based on the use of the real part of the matrix impedance,
for partitioning the total losses among the phase currents and for
performing loss allocation in three-phase radial distribution sys-
tems with the BCDLA method adapted to three-phase systems.

The main characteristics of the RCLP method are:
1) it is possible to obtain a paradox-free loss partitioning

among the phase currents in general conditions, including
grounded or ungrounded systems, equal or different phase
impedances, any loading condition and the possible pres-
ence of balanced or unbalanced distributed generation;

2) the loss partitioning obtained is consistent with the evalua-
tion of the Joule losses in each physical conductors (phases
and neutral) and in the ground; in particular, a correct loss
attribution to each phase current can be obtained by using
the 3 3 reduced impedance matrix, without the need of
reproducing the details of the neutral and grounding con-
nections (already contained in the reduced matrix) while
performing loss partitioning on the basis of the power flow
results;
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TABLE VII
BRANCH LOSSES IN THE MODIFIED 13-NODE SYSTEM

TABLE VIII
LOSS PARTITIONING FOR THE CLASSICAL METHOD AND FOR THE PROPOSED METHOD FOR DIFFERENT REPRESENTATIONS OF THE DISTRIBUTED LOAD

TABLE IX
LOSSES ALLOCATED TO LOADS, POWER FACTOR CORRECTION CAPACITORS, AND THE DG UNIT IN THE MODIFIED 13-NODE SYSTEM

3) the proposed loss allocation procedure built on the basis of
the loss partitioning results takes into proper account the

effects of the power factor correction capacitors and of the
shunt branch capacitances.
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APPENDIX

A. Background on the Circuit Models

A general representation of a distribution system with con-
ductors can be formulated by resorting to the Carson’s equa-
tions [36], leading to a primitive impedance matrix [2].
For most applications, the primitive impedance matrices con-
taining the self and mutual impedances of the each branch need
to be reduced to the same dimension. A convenient representa-
tion can be formulated as a 3 3 matrix in the phase frame,
consisting of the self and mutual equivalent impedances for the
three phases. The standard method used to form this matrix is
the Kron reduction, based on the Kirchhoff’s laws. For instance,
a four-wire grounded wye overhead distribution line results in a
4 4 impedance matrix. The corresponding equations are

(A1)
also representable in matrix form as

(A2)

If the neutral is grounded, the voltages and can be con-
sidered to be equal. In this case, from the last row of (A2) it is
possible to obtain [2]

(A3)

and substituting (A3) into (A2), the final form corresponding to
the Kron reduction becomes

(A4)

where

(A5)

B. Proof of the Equivalence Conditions

Considering a multi-terminal branch represented by a sym-
metrical impedance matrix, that is, , and the vector
containing all the input currents at the branch terminals, a proof
is given here of the equivalence of the following conditions:

(A6)

where the superscript denotes transposition and the asterisk
represents the complex conjugation operator.

For this purpose, the starting equality is

(A7)

By using the symmetry properties to transpose the last addend

(A8)

Then

(A9)

C. Component-by-Component Product

Let’s denote with the symbol the component-by-compo-
nent product operator acting on two vector operands. With this
notation, the component-by-component product of two generic
vector components becomes

(A10)
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